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ABSTRACT. In these notes, I briefly touch upon some analytic, geometric and
topological properties of metric measure spaces with weak lower Ricci curva-
ture bounds that my collaborators and I have observed in recent years.
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1. INTRODUCTION

Studying less regular distance structures than Riemannian manifolds actually
dates back to Riemann himself. He alluded to the definition what we now call
Finslerian manifolds. This is still in the realm of starting from geometric objects
that are defined in terms of infinitesimals (i.e. Riemannian or Finslerian metrics),
the microscopic realm. Another perspective would be to start from a metric space
(perhaps equipped with a measure) and study important geometric quantities —
such as curvature — by merely looking at the properties of the distance function
and measure, this, in contrast, is the macroscopic point of view.

The latter approach in the Riemannian geometry is nicely tied to the former
by comparison theorems; based on which, one then is able to make sense of metric
spaces with weak sectional curvature bounds (mainly attributed to Aleksandrov and
Cartan-Aleksandrov-Toponogov). Note that (pointed) Gromov-Hausdorff limits of
manifolds with uniform sectional curvature bounds give rise to the aforementioned
spaces with the same weak curvature bounds; so such spaces describe what happens
at the boundary of existence of Riemannian manifolds with curvature bounds. If
one also employs the measure transportation, one can get to the notions of metric
measure spaces with weak lower (and also upper) Ricci curvature bounds (the so-
called Sturm-Lott-Villani bounds).

In these notes, we are concerned with metric measure spaces with weak lower
Ricci curvature bounds that are also infinitesimally Hilbertian (the Riemannian
feature) also known as RCD spaces and will mention some analytic, geometric and
topological rigidity properties that they share with good old Riemannian manifolds.
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2. PRELIMINARIES

In what follows, the primary objects of study are triples (X,d,m), a Polish
metric space (complete and separable) that is geodesic equipped with a locally
finite Borel measure. Also consider the space of probability measures that are
absolutely continuous with respect to m and with finite second moment, Pa(X).

Note that L?-Wasserstein distance between probability measures turns the space
of all probability measures with finite second moments into a complete geodesic
space. Recall relative entropy which is the negative of the well known Boltzmann
entropy.

Definition 2.1 ((dimension-less) Curvature-dimension conditions). We say X sat-
isfies CD(K, 00) conditions if for any two probability measures o and py, the rela-
tive entropy is K-convex along a geodesic (consisting of probability measures) con-
necting the two.

All complete Riemannian manifolds with Ric > K satisfy CD(K, 0o) as well as all
Finsler manifolds whose dimension-free weighted Ricci curvature is bounded below
by K. There is also the more involved notion of CD(K, N) spaces (using Rényi
entropy instead) that restricts the Hausdorff dimension of X to be bounded above
by N. Such convexity properties and their ties to geometry were brought up to
light in the seminal works of Sturm [11, 12] and Lott-Villani [].

Recall by the Cheeger-Colding theory, nontrivial Finsler manifolds cannot arise
as Ricci limit spaces and a characteristic property of non-trivial Finsler manifolds is
that their W12 Sobolev spaces fail to be Hilbert spaces; thus, in order to single out
only “Riemannian objects” (what could arise as limits of manifolds with uniform
lower Ricci bounds) in the big class of CD(K, N) spaces, one needs to further impose
the infinitesimal Hilbertianity condition and this gives rise to RCD metric measure
spaces (“R” for Riemannian) i.e. spaces satisfying “CD” whose W2 Sobolev spaces
are Hilbert. Making this rigorous, requires a careful definition and analysis of
Cheeger-Dirichlet energy functional in this singular setting.

Let us just list some important facts about RCD spaces:

e Riemannian manifolds, Aleksandrov spaces, Bakry—Emery manifolds (also
called smooth measure spaces) and products, direct limits, fixed point free
quotients by isometries of such spaces are all examples of RCD spaces;

e RCD spaces are essentially non-branching (recently a proof of non-branching
property is suggested);

e Among other involved calculus developed for such spaces, one can perform
first and second order calculus on RCD spaces i.e. inner products of gra-
dients and Hessians can be defined with very similar calculus rules as in
Riemannian setting.

e RCD spaces characteristically enjoy the Bochner inequality (expressed using
the square field operator and its second iteration), a feature that opens the
door for the use of the maximum principle.

For further details regarding curvature-dimension conditions, we refer the reader
to [8, 11, 12] and for a review of main geometric analytic tools in RCD, see [2]. For
a very brief overview of the needed technology, see the beginning sections of [5].
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3. MAIN RESULTS

3.1. Milnor’s question. A well-known conjecture due to Milnor is that complete
manifold with nonnegative Ricci curvature posses finitely generated fundamental
group. This has only been completely settled in dimension 3 so far. The following
result [6] generalizes — to RCD spaces — an affirmative answer to Milnor’s conjecture
in a special case that is due to Sormani [10].

Theorem 3.1 (Kitabeppu-L. '15). Let (X, d, m) be a connected, locally contractible,
and non-branching geodesic metric-measure space with supp(m) = X. Suppose X
satisfies the CD(0, N) curvature-dimension conditions that is also infinitesimally
Hilbertian. If X has small linear diameter growth limsupw < 48y,
(where the values of Sy are calculated in [6]) Then, X has finitely generated fun-

damental group.

Proof. The proof follows the footsteps of the proof in [10] however one needs to use
a weak version of Abresch-Gromoll excess theorem in RCD spaces. O

3.2. Characterization of low dimensional RCD spaces. One quest in this field
is to axiomatize Ricci limit spaces. There are related open problems due to Sturm
and Villani.

Recall a point in X is called k-regular if all blow up limits around it are metric-
measure isometric to R¥ (compare with interior points of manifolds versus corner
or edge points); all such points comprise the regular stratum Ry.

One quite interesting fact is that below synthetic dimension N = 2, the picture
is Riemannian i.e. RCD(K, N < 2) spaces are indeed one dimensional manifolds,
this is a corollary of the following more general theorem proven in [7].

Theorem 3.2 (Kitabeppu-L. ’16). Let X be an RCD(K, N) space for K € R and
N € (1,00). Assume X is not one point and supp(m) = X. The following are
equivalent:

(1> 7?'1 7& 0;

(2) Rj =0 for any j > 2,

(3) m(R;) =0 for any j > 2,

(4) X is isometric to R, R>q, S*(r) or [0, diam(X)].
Moreover, the measure m is equivalent to the 1-dimensional Hausdorff measure H*
i.e. m can be written in the form m = e fH! for a (K, N)-convex function f.

Proof. By a careful point picking argument and supposing X is not 1D, it is shown
that the existence of a 1-regular point along with entropy convexity causes a positive
worth of measures to branch passing through p thus contradicting the essential non-
branching property. ]

Remark 3.3. Utilizing the above result (among other things), Lytchak-Stadler [9]
showed that two dimensional RCD spaces are indeed Aleksandrov surfaces.

3.3. A flow tangent to Ricci flow. An intrinsic flow for RCD spaces has been
introduced by Gigli-Mantegazza [3] using heat flow and optimal transport. As for
any geometric flow, the formation of singularity is the main question for this flow.
The following result shows under this flow, the singular set does not grow [1].

Theorem 3.4 (Bandara-L.-Munn ’17). Let M be a smooth, compact manifold with
rough metric g that induces a distance metric dg. Moreover, suppose there exists
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K € R and N > 0 such that (M, g, pg) € RCD(K,N). If S # M is a closed set
and g € C¥(M \ S), there exists a family of metrics g; € C*~11 on M\ S evolving
according to the GM flow on M\S. For two points x,y € M that are gi-admissible,
the distance d¢(z,y) given by the Gigli-Mantegazza flow is induced by g;.

Proof. The proof entails a careful analysis of the continuity equation which — in
this setting — is a divergence form pde with measurable coefficients. (I

3.4. Spectral rigidity (first gap). After a few decades of being investigated,
in 2007, the spectral rigidity (of Zhong-Yang eigenvalue bounds) for Ricci non-
negatively curved manifolds was established in Hang-Wang [4]. The following is a
generalization to RCD spaces [5].

Theorem 3.5 (Ketterer-Kitabeppu-L. ’23). Suppose X is a compact RCD (0, N)
space with supp (m) = X. A\ = ﬁ if and only if X is either a weighted circle or a
weighted line segment; In either cases, the space is equipped with a constant weight
function i.e. m = ¢H' (in other words, X is a non-collapsed one dimensional RCD

space).

Proof. Assuming the bound is achieved, an involved analysis of eigenvalue problem
in the singular setting would yield a harmonic potential the gradient flow of which
gives a 1D isometric foliation of the space. Then the diameter restriction would
imply the space must be 1D. (I
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ON L-REDUCIBLE FINSLER METRICS

AKBAR TAYEBI

ABSTRACT. In this paper, we study one of the oldest open problems in Finsler
geometry which was introduced by Matsumoto-Shimada in 1977 about the
existence of a concrete L-reducible Finsler metric that is not C-reducible. To
spot such a Finsler metric, we study the class of spherically symmetric Finsler
metrics. We prove two rigidity theorems for spherically symmetric Finsler
metrics. First, we prove that every spherically symmetric Finsler metric is
semi-C-reducible. Second, we show that every non-Riemannian spherically
symmetric Finsler metric is a generalized L-reducible metric. Finally, we prove
that every non-Riemannian L-reducible spherically symmetric Finsler metric
on a manifold of dimension n > 3 must be a Randers metric.

Key words and phrases: L-reducible metric; C-reducible metric; spheri-
cally symmetric Finsler metric; Randers metric; Landsberg metric.

1. INTRODUCTION

The class of Randers metrics is a valuable and important class of non-Riemannian
Finsler metrics which was introduced in 1941 by Physician Gunnar Randers to
study general relativity in 4-dimensional Riemannian manifolds [5]. His discovered
metric is in the form of F = a + 8, where o« = \/a;j(x)y’y’ is gravitation field
and B = b;(x)y’ is the electromagnetic field. In his research, Randers regarded
this metric not as a Finsler metric but as “affinely connected Riemannian metric”,
which is a rather strange notion in Riemannian Geometry.

An interesting and fascinating reality about Randers metrics are hidden in its
Cartan torsion discovered by Makoto Matsumoto in 1974. For an n-dimensional
Finsler manifold (M, F), the third derivatives of 1/2F2 at y € T, My is symmetric
trilinear forms C, on T, M which is called by the Cartan torsion of F. Eli Cartan
introduced this torsion to characterize Riemannian metrics from the Finsler metrics.
Taking a trace of Cartan torsion C gives the mean Cartan torsion I := trace(C).
In 1972, Matsumoto introduced the Matsumoto torsion as follows

(1.1)

M, (u,v,w) = Cyu,v,w) = —— {1, (w)h, (v.0) + 1, ()b, (0, w) + L, (w)h, (w,0)}.

where hy(u,v) = gy, (u,v) — F%(y)gy(y, u)gy(y,v) is called the angular form in
direction y and g, is the fundamental tensor of F' [2]. A Finsler metric F on a
manifold M of dimension n > 3 is called C-reducible if M = 0. Matsumoto showed
that every Randers metric is C-reducible [2]. After six years, in 1978, Matsumoto-
HGojo proved that the converse is true too, namely, a positive-definite Finsler metric
F is C-reducible if and only if it is a Randers metric [1]. They called this result as
conclusive Theorem.

2010 Mathematics Subject Classification. 53B40, 53C60.
Invited Speaker: Akbar Tayebi .
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In 1975, the well-known Japananese Physicist Y. Takano developed the theory
of fields in Finsler spaces, where the fields have internal freedom. In particular,
he studied the spinor fields details and found it necessary to introduce the gauge
fields into the spinor field equations. Takano studied the field equations in a Finsler
manifold and proposed certain interesting geometrical problems [3]. He requested
mathematicians to find some proper forms of Landsberg curvature from the stand-
point of Physics. In 1978, Matsumoto introduced the notion of L-reducible Finsler
metrics as an answer to Takano, which was a generalization of C-reducible Finsler
metrics [1]. A Finsler metric F' on an n-dimensional manifold M is L-reducible if
its Landsberg curvature is given by

1

—— {3, @, (0. 0) + 3, (), (0, 0) + 3, (@), (w,0)},
where J := trace(L) denotes the mean Landsberg curvature of F. Throughout this
paper, we exclude the trivial cases of L-reducible metrics [10], including Riemannian
metrics and locally Minkowskian metrics.

As we mentioned, Matsumoto defined (1.2) when he studied the hv-curvature
P; ik of the Cartan connection. Then, he called such Finsler metrics by the notion
of P-reducible since it comes from the P-curvature and we call them here “L-
reducible metrics” for the relation with Landsberg curvature. If L = 0, then F' is
called the Landsberg metric [9]. We have concrete examples of non-Landsberg L-
reducible Finsler metrics. For example, it is evident that every C-reducible metric
is L-reducible. However, the converse of this fact may not be accurate in general.
For a Finsler metric of dimension n > 3, Matsumoto found some conditions under
which the Finsler metric will be L-reducible. Since the study of Landsberg curvature
has become an urgent necessity for the Finsler geometry as well as for theoretical
physics, Matsumoto-Shimada studied some of Riemannian and non-Riemannian
curvature properties of L-reducible metrics in [3]. They introduced the following
open problem:

(1.2)  Ly(u,v,w) =

Is there any L-reducible Finsler metric that is not C-reducible?

There is an interesting generalization of C-reducible metrics. A Finsler metric
F on an n-dimensional manifold M is called quasi-C-reducible if its Cartan torsion
is written as follows

(1.3)  Cy(u,v,w) = {Iy(“)Hy(”» w) + L (v)Hy (u, w) + Iy (w)Hy (u, U)},

n+1

where H, := H,jdz"dz’ is a symmetric tensor so that H;;y* = 0. In [3], Matsumoto-
Shimada proved the following.

Theorem A. ([3]) Every 3-dimensional quasi-C-reducible Finsler metric is L-
reducible if and only if it is C-reducible.

In [7], Shibata tried to find concrete L-reducible metrics in the class of Weyl met-
rics, i.e., Finsler metrics of scalar flag curvature. Then he proved the following.

Theorem B. ([7]) Let (M, F) be a Finsler manifold of dimension n > 3. Sup-
pose that F'is of non-zero scalar flag curvature. Then F' is L-reducible if and only
if it is C-reducible.



ON L-REDUCIBLE FINSLER METRICS 7

An (o, 8)-metric is a scalar function on TM defined by F := ag¢(s), s = §/«, in
which ¢ = ¢(s) is a C*° function on (—by, by) with certain regularity, o = \/a;;y'y?
is a Riemannian metric, 8 = b;(x)y* is a 1-form on M and b := || 3.« (see [11, 13]).
In [6], Shibata characterized L-reducible (a, §)-metrics and showed the following
surprising fact.

Theorem C. ([6]) Every non-Riemannian («, f)-metric on a manifold M is L-
reducible if and only if it is C-reducible.

Then L-reducible (o, 3)-metrics must be Randers or Kropina metrics. Taking into
account Shibata’ results, one can conclude that the problem of existence of a con-
crete L-reducible metric is becoming more and more puzzling.

Inspired by the Numata-type metrics, in [12], Sadeghi and the author introduced
a new class of Finsler metrics that contains the class of L-reducible metrics. This
class of metrics is called generalized P-reducible metrics. Then, we obtained the
following.

Theorem D. ([12]) Every generalized P-reducible (a, 8)-metric with vanishing
S-curvature is a Berwald metric or C-reducible metric.

By Theorem D, it follows that there is no concrete L-reducible («, §)-metric with
vanishing S-curvature. This is a conclusion of Theorem C.

To find concrete L-reducible Finsler metrics, one can consider the class of regular
spherically symmetric Finsler metrics. A Finsler metric F' on a domain & C R" is
called spherically symmetric metric if it is invariant under any rotations in R™. In
this case, there exists a positive function ¢ depending on two variables so that F’

can be written as
(z,y)
F=1ylo (Jol. S22
|yl

where x is a point in the domain &/ , y is a tangent vector at the point =z |,
2] = VI @2, Iyl = /S (07)? and (2,y) = S iy, Let us put u = |y,
v = (z,y), r := |z| and s :=< x,y > /|y|. Then a spherically symmetric Finsler
metric can be written as F' = u¢(r, s). The geodesic spray coefficients of spherically
symmetric Finsler metric F' = ug(r, s) is given by G* = uPy’ + u?>Qx?, where P
and @Q defined by ¢, r and s. In [14], the class of L-reducible spherically symmetric
Finsler metrics is studied, and the following is obtained.

Theorem E.([14]) Let F = ug(r,s) be a spherically symmetric Finsler metric
on a domain & C R™. Then F is a L-reducible metric if and only if it satisfies the
following PDE

(1.4) (¢ — s¢s) L1 — 3pssLa = 0,
where
Ly :=3¢sPss + ¢ Psss + (8(25 + (r? — 82)¢3)st37
Ly :=¢s(P — sP,) — 5¢Pys + (50 + (12 — 52)¢5) (Qs — 5Qss)-

However, due to the incredible complexity, we did not get any chance to solve
(1.4). Even the Maple program could not find any solution for it.
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Consider the special form of mean Landsberg curvature J of spherically sym-
metric Finsler metrics, and define the following
- i g K, 1 i od 2232
(1.5) = (hijs s1—(n+1)(r?—s ))Jks +—(02hijs s?4cq(rc—s”) )Q,
c

:n—l—l 2C5

where h;; are the components of angular metrlc co and ¢y defined by s and €2
defined by ¢ and s, s* := s; := z; — sr; and r® := r; := y'/u. Here, we consider
L-reducible spherically symmetric Finsler metrics and prove the following.

Theorem 1.1. Let F' = u¢(r, s) be a non-Riemannian regular spherically symmet-
ric Finsler metric on a manifold M of dimension n > 3. Suppose that = # 0.
Then F is L-reducible if and only if it is a Randers metric.

Here, we give some remarks. We must explain that the method used to prove
Theorem 1.1 is independent of solving PDE (1.4). Also, every two-dimensional
Finsler metric is C-reducible which is not necessarily a Randers metric. Then,
we exclude the case n = 2 in Theorem 1.1. We notify that Theorem 1.1 can be
considered a complement to Theorem E or even a natural extension of it. Also,
Theorem 1.1 gives a negative answer to Matsumoto-Shimada’s open problem in the
class of spherically symmetric Finsler metrics. It is remarkable that, the equation
= = 0 gives us three non-linear ordinary differential equations (see Proposition
1.3). We have not been able to find any solution for these ODE’s until now. But,
we certainly believe that the solutions of the three non-linear ODE (1.6)-(1.8) in
Proposition 1.3 cannot be expressed in terms of elementary functions.

Landsberg metrics are special L-reducible metrics. Here, we get the following.

Corollary 1.2. FEvery non-Riemannian spherically symmetric Finsler metric of
Landsberg-type on a manifold M of dimension n > 3 with = # 0 reduces to a
Berwald metric.

= = 0 is a non-linear ODE which is divided to three non-linear ordinary differ-
ential equations. We are going to prove the following result.

Proposition 1.3. Let F' = u¢(r,s) be a spherically symmetric Finsler metric on
a domain Y CR™ (n > 3). Then E = 0 if and only if ¢ = ¢(r,s) satisfies one of
the following

(16) (7~ )60 + 06— 593) = "o
(1.7)
(¢_S¢s) [¢¢sss+(n+l)¢s¢ss — (s¢¢ss (¢_5¢s)¢8>‘| _(n_2)s¢¢ss¢ss =0,

(1.8) T[s6W + s, — K06, — 56,6, — 506:5)0] + 526%0s60s = 0,

where U := (Psdss + Gdsss), II(8) := ¢ — sds and

1

1.9 K= s ™
( ) (7"2—82)8“)8 |OS
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ABSTRACT. In this paper, we study naturally reductive («,)—metrics on
homogeneous manifolds. We show that naturally reductive (o, 8)—metrics
arise only when « is naturally reductive and some conditions on ¢ is satis-
fied. We give an explicit formula for the flag curvature of naturally reductive
(o, B)—metrics.

Key words and phrases: (a,8)-metrics; naturally reductive metrics; flag
curvature.

1. INTRODUCTION

The study of invariant structures on homogeneous manifolds is an important
problem of differential geometry. Among the Riemannian homogeneous metrics the
naturally reductive ones are the simplest kind. They have nice simple geometric
properties, but still form a large enough class to be of interest. The notion of
naturally reductive Riemannian metrics was first introduced by Kobayashi and
Nomizu [5]. The naturally reductive spaces have been investigated by a number of
authors as a natural generalization of Riemannian symmetric spaces. The definition
of naturally reductive homogeneous Finsler spaces is a natural generalization of the
definition of naturally reductive Riemannian homogeneous space. In literature,
there are two version of the definition of naturally reductive Finsler metrics on a
manifold. The first version was introduced by Deng and Hou in [1]. The second
definition, was given by the author in [6].

Let o = \/a;;(z)y’y7 be a Riemannian metric and 8(z,y) = b;(x)y’ be a 1—form
on an n—dimensional manifold M. Let

(1.1) 18(@) o := 1/ a" (2)bi(x)b; (x).
Now, let the function F is defined as follows

(1.2) F:=a¢(s) , s= g,

where ¢ = ¢(s) is a positive C* function on (—bg, by) satisfying
(1.3) B(s) —s¢'(s) + (b — s2)p"(s) >0 , |s| <b< by

Then by Lemma 1.1.2 of [3], F is a Finsler metric if ||3(z)]|o < bo for any = € M.
A Finsler metric in the form (1.2) is called an (c, #)—metric.
The 1-form S corresponds to a vector field X on M such that

(1.4) a(y, X (x)) = B(x,y)-

2010 Mathematics Subject Classification. 53C30, 53C60.
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Also we have ||3(2)||a = || X (2)||a (for more details see [7, 1]). Therefore we can
write (a, 8)—metrics as follows:
a(X(x).y)
1.5 F(z,y) = alx, —),
(15) (@) = ol o)

2. MAIN RESULTS

Definition 2.1. A Riemannian homogeneous space (G/H, g) is said to be naturally
reductive if there exists a reductive decomposition g = m + § of g satisfying the
condition

(2~1) <[X,Y]m,Z>+<Y, [X, Z]m> =0,
forall XY, Z € m.

where (,) denotes the inner product on m induced by the metric g [5]. The first
version of definition of naturally reductive homogeneous Finsler was introduced by
the S. Deng and Z. Hou in [4](see Remark 2.2 below).

Remark 2.2. In [4], a homogeneous manifold G/H with an invariant Finsler met-
ric F is called naturally reductive if there exists an invariant Riemannian metric g
on G/H such that (G/H, g) is naturally reductive and the connection of g and F
coincide.

In this definition, they assume that such a metric should be Berwaldian.
The second definition was given by the author in [7](see Definition 2.3 below).
The scheme is to treat the geometry of coset manifolds G/H as a generalization
of the geometry of Lie group G ( Since G/H reduces to G when H={e} ). From this
viewpoint, the isomorphism m ~ T,(G/H) generalizes the canonical isomorphism
g ~ T.G, and a G-invariant Riemannian metric on G/H generalizes a left-invariant
metric on G. The notion of bi-invariant Riemannian metric on G generalizes as the
notion of naturally reductive homogeneous Riemannian space.
In fact, when H = {e}, hence m = g, the condition (2.1) is just the condition

(2.2) ((X,Y],2) +(Y,[X, Z]) = 0,
for a bi-invariant Riemannian metric on G [3].
Definition 2.3 ([7]). A homogeneous manifold G/H with an invariant Finsler met-

ric F is called naturally reductive if there exists an Ad(H)—invariant decomposition
g = b+ m such that

(2‘3) gy([x,u]m,v) + gy(uv [xvv]m) + 2Cy([x,y]m,u7v) =0
where y # 0, z,u,v € m.

Evidently this definition is the natural generalization of (2.1).
G

Theorem 2.4. Let (M = E7F) be a naturally reductive homogeneous Finsler

space, where F is an invariant (o, §)—metric defined by the Riemannian metric
a = a;jdz' @ dz? and the vector field X such that ¢ (r) # 0. Then

(a) Fach geodesic of (G/H, F) is an orbit of a one-parameter subgroup of isometries
{exp(t2)},Z € g.

(b) (G/H, F) is of Berwald type and the Chern connection of (G/H, F) is given by

1
(Vy«Z*)o = (fi[Y, Zlw): for allY,Z € m.
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Let (G/H,F) be a homogeneous Finsler manifold, where F is an invariant
(o, B)—metric defined by the invariant Riemannian metric @ and invariant vector
field X. If (G/H, F) is naturally reductive then (G/H,a) is naturally reductieve.

Theorem 2.5. Let (G/H, F) be a homogeneous Finsler space, where F' is an invari-
ant (av, B)—metric defined by the Riemannian metric a = a;;dz'®@dx? and the vector
a(X,y)

Valy,y)

If (G/H,a) is naturally reductive, then (G/H, F) is naturally reductive.

field X which is parallel with respect to to a and (bl (r) # 0, where r =

Theorem 2.6. Let (G/H , F) be a naturally reductive homogeneous Finsler space,
where F is an invariant (o, B )— metric defined by the Riemannian metric
a = a;;dz’ ® dz’ and the vector field X. Let (P,y) be a flag in m such that {y,u}
is an orthonormal basis of P with respect to a. Then the flag curvature of (P,y) is
given by

$(r) — ¢ (r)r
P*(r)y
where || [u,ylm || denotes the norm of [u,ylm with respect to @ = a;;dz’ @ da’ and

r=a(X,y) and ¥ = ¢(r) + ¢ (r)r2 — ¢ (r)r.

Proof. Using the explicit expression for the connection of M, a straightforward
lengthy calculation leads to the following expression for the curvature tensor R of
(G/H,F).

K(P.y) = (3 1l 12 sl )

(24) Ro(o,)z = ~[[o, wly, 2] — 5[[0, whms I — 3115l 0l + 7115wl o,

for all v,w,z e m =T, M.
For the flag curvature we have
9y(R(u, y)y, )
9y (Y> ¥) gy (u,u) — g2(y, u)

The result is obtained by calculating and placing components in the curvature
formula. 0

(2.5) K(Py) =

Definition 2.7 ([2]). A Finsler space with Finsler function
F(z,y) = a(x,y) + B(z,y)

is called a Randers space .

In [7], the author gives an explicit formula for the flag curvature of naturally
reductive Randers spaces. As a corollary of Theorem 2.6, we have the following
corollary.

Corollary 2.8. Let (G/H, F) be a naturally reductive Randers space with F defined
by the Riemannian metric a = &ijdxi ® da? and the vector field X. Let (P,y) be a
flag in m such that {y,u} is an orthonormal basis of P with respect to a. Then the
flag curvature of the flag (P,y) in m is given by

K(P9) = ratgre (3 sl 1P+l i) )
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We note that if the Randers space (G/H, F) is Riemannian i.e. X = 0, then
the above formula for flag curvature is just the formula for sectional curvature of a
naturally reductive homogeneous Riemannian manifold [5, 7]:

1
K(u,y) = 1<[u7 Yl [, ylm) + ([[u, y]h7 U, Y)-
The following result generalizes Milnor results about the sectional curvature of

bi-invariant Riemannian metrics (see [8]) to bi-invariant (o, 8)—metrics.

Theorem 2.9. Let G be a Lie group with a bi-invariant (o, 8)—metric F' defined by
the Riemannian metric a = a;;dz’ @dz? and the vector field X such that qﬁ/(r) # 0.
Let (P,y) be a flag in g such that {y,u} is an orthonormal basis of P with respect
to a = a;;dz’ ® da’. Then the flag curvature of the flag (P,y) in g is given by

K (P = (O | ) P

where || [u,y] || denotes the norm of [u,y] with respect to a = a;jdz’ ® da?, and
r=a(X,y) and ¢ = 6(r) + ¢ (r)r* = & (1)r.
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ABSTRACT. Critical metrics are thoroughly studied in relation to quadratic
curvature functionals over Goédel-type space-times. This study leads to the
unequivocal determination of homogeneous critical metrics on the spaces being
analyzed.
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vature functional.

1. INTRODUCTION

In the field of differential geometry, a fascinating topic with significant appli-
cations in mathematical physics is the study of critical metrics over a family of
(pseudo-)Riemannian manifolds. For an oriented, closed manifold M™ equipped
with a family M; of (pseudo-)Riemannian metrics of volume one, it is vital to
determine extremum metrics from M for a specific curvature functional. This
problem of critical metrics is of utmost importance.

Einstein metrics are widely recognized as critical metrics. The condition for
Einstein metrics, o = Ag for some real constant ), is the same as the Euler-Lagrange
system related to the Einstein-Hilbert functional g — | o Tdvoly. The Ricci tensor
and scalar curvature, denoted by g and 7 respectively, are involved in this system.

Curvature functionals based on scalar quadratic curvature invariants have been
extensively studied in the literature. This topic was initiated in the Riemannian

settings in [1] and has been further explored by numerous scholars. For an in-
depth survey on quadratic curvature functionals and critical metrics, we recommend
referring to [2, 3], and the references therein. While quadratic curvature functionals

can be studied in different dimensions of the base manifold, the dimension 4, which
is the framework of space-times, receives more attention.

To study the quadratic curvature invariants, note that {Ar, 72, ||o||?, || R||?} serve
as a basis. Thus, a generic functional on quadratic curvature invariants can be
expressed as follows

(11) g / (a7® + bllo|l® + €| R|?) dvol,,
M

where a, b, ¢ are arbitrary real constants and R is the curvature tensor. In dimension
4, the Gauss-Bonnet Theorem yields the equation

3972y (M) = /M (72 — 4llo|? + ||RI?) dvol,.

2010 Mathematics Subject Classification. 83C20, 53B30, 53C30.
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This means that the critical points related to the curvature tensor are equivalent to
the critical points of the functional 4||g||? + 72. Therefore, the functional of equa-
tion (1.1) is equivalent to g — [,, ((a — ¢)72 + (4c 4 b)||o]|?) dvoly. It is important
to note that the manifold (M, g) is critical for the functional (1.1) whenever it is crit-
ical for the following functionals § and Fy: Fy : g — [}, (72 + [|o]|?) dvoly, ¢ € R,
and S : g — [, 2dvol,.

It is absolutely imperative to note that for all quadratic curvature functionals
Fi, t € R, Einstein metrics are critical (see [2]). In the Riemannian settings,
it has been established that for the functional F_; /3, the Bach-flat metrics are
critical, while for both functionals 7_;,4 and &, the Weyl metrics with zero scalar
curvature are critical. These well-known results certainly spark interest in exploring
the critical metrics in different signatures for quadratic curvature functionals.

K. Godel in [1] introduced homogeneous solutions to the Einstein’s field equa-
tions with cosmological constant A for a universe in rotation w and with an inco-
herent matter distribution, included the existence of closed time-like curves. These
Godel-type space-times, both in their homogeneous form and in higher dimensions,
have been the subject of extensive study in Differential Geometry and Theoretical
Physics.

The current study considers homogeneous Godel-type space-times and explicitly
determines classes of critical metrics for quadratic curvature functionals S and F;.

The upcoming section will present crucial facts and material necessary for ex-
amining critical metrics on Godel-type space-times. Following that, the subsequent
section will deliver the classification of critical metrics on the homogeneous Godel-
type space-times.

2. PRELIMINARIES

Let M7 denote the set of (pseudo-)Riemannian metrics of volume one on a closed
oriented manifold M™. A real valued function F on M7, such that F(p*g) = F(g)
for every diffeomorphism ¢ and every g € MY is called a (pseudo-)Riemannian
functional. Since p is by definition an isometry between (M, g) and (M, ¢*g), this
means that the functional F' only depends on Riemannian geometric data, and can
be viewed as a function on the quotient space M7 /D, where D is the diffeomorphism

group of M.
The Euler-Lagrange equations for a quadratic curvature functional are well es-
tablished and can be computed in the Riemannian settings [1, 5]. It is worth noting

that the results obtained for the Riemannian case can be effortlessly extended to
the pseudo-Riemannian settings, as the arguments do not depend on the signature
of the base metric.
For the functionals F; : g — [, (t7% + ||¢]|?) dvoly and S : g — [}, 7>dvoly, one

can give the gradients as follows

(VS)ij = QV%T —2(AT)gi; — 27055 + %T2gij,

(VF)ij = —Aoy + (1 + 2t)V§jT — ML (AT)gi; — 2tT0ij — 201 Rikji

+3 (t7% + llel?) gis-

Noting that, if (VF;) = cg for some real constant ¢, then g is critical for F; and
vice versa. By taking trace of the above equation we have

(n—4) (t7* + |[o]]*) — (n+4(n — 1)t)AT = 2nc.
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Thus, g is critical for F; if and only if

2t 2
(2.1) —Agij+(1+2t)ij7——g(Af)gij—2ngRikﬂ—2t7-gij+ﬁ (tT2 + ||QH2) Gij = 0,
and
(2.2) (n—4) (tr* + [|o]|*> = ) = (n+4(n — 1)t)Ar,

where A = Fi(g) (see [3]). It is a logical outcome that F; has critical points for
Einstein metrics with any given value of t. Furthermore, as per the relation of
VS mentioned above, critical points for S are metrics with either vanishing scalar
curvature or Einstein.

In spaces that are four-dimensional with constant scalar curvature, particularly
in homogeneous spaces, the aforementioned Euler-Lagrange equations can be sim-
plified significantly. In fact, in this scenario, equation (2.2) is satisfied automatically
as (VS);; = 27 (79;; — 0ij). Equation (2.1) is reduced to

1
(2.3) Ao+ 2R[o] +2tTo - 5 (Ilel|* +t7%) g = 0,

where R [g] is the tensor field defined by components gg;Rixj;. The forthcoming
sections will focus on this equation (2.3) and its solutions.

Scholars have extensively studied Godel-type space-times. These space-times are
exposed by the Lorentzian metrics using the local coordinate (¢,r, ¢, 2).

(2.4) g = [dt + H(r)dp)* — dr* — D*(r)d¢?* — dz?,

The metrics are given by Equation (2.4), where (r, ¢, z) are the usual cylindrical
coordinates and ¢ > 0 is the time variable and r, ¢, z € R (undetermined for r = 0).
It is important to note that g is non-degenerate whenever D(r) # 0 since det(g) =
—D?(r). Furthermore, homogeneous Godel-type space-times are manifolds that
satisfy Equations (2.5), where w and « are real scalars [7, 0].

(2.5) D" =aD, H' =-2wD.

These manifolds have determining functions D and H that are of class C*, as
opposed to at least C? for the curvature tensor calculation, which is required for
the functions D and H in Equation (2.4).

3. HOMOGENEOUS CRITICAL METRICS

This section focuses on calculating critical metrics for the functionals S and
F; derived from homogeneous Godel-type space-times. As stated in Section two,
metrics with vanishing scalar curvature or Einstein are critical for the functional S.
It is important to note that the scalar curvature in the presence of the homogeneity
condition (2.5) is easily 7 = 2(a — w?), meaning that the scalar curvature vanishes
when a = w?. By applying this condition in equation (2.5), we deduce the following
system of ordinary differential equations:

D" — Dw? = 0.
Through direct calculations, we obtain

wTr —wnr wTr —wnr
H =c1 — 2c0e”" + 2c3e and D = coe*" + c3e” ",

{ H' +2wD =0,

where c1, co, c3 are arbitrary real constants. The following remark is a direct con-
sequence of this arguments.
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Remark 3.1. A homogeneous Gaidel-type space-time (M, g) is critical for the func-
tional S if and only if either

e H=c;, D=cor+cs, or

e H=c1 —2ce*" 4+ 2c3e™“", D =coe“" +c3e” T,

where ¢y, co, c3 are arbitrary real constants.

We must calculate critical homogeneous Godel-types metrics for the functional
Fi. It is necessary to determine the tensors that create this relation according to
equation (2.3). By considering the homogeneity conditions (2.5), expressions for
the Levi-Civita connection, curvature tensor and the Ricci tensor are calculated
directly as

wH w
Vg}ta,« = _fat + Ba(z;, Vat8¢ = _(A)Daf,«,

D24+ H?)+ HD' 4
(3.1) vé\T%:_(w( +H?) + )atJr(wH—i—D)a@
D D
Vo,0p = —D (2wH + D') 0,
and
R(0:,0,) = — w? (0y @ dr 4+ 0, @ dt + HO, ® d¢),
(52) R(04,04) =w? (HO; ® dt + (H?> — D*)9, @ dp — 9y ®@ dt — HOy ® dp)
. R(0,,04) =H (4w? — )0y @ dr + Hw?0, @ dt
+ ((8w? — @) D? + H*w?)0, ® do + (o — 3w?)0y @ dr,

and

(3.3) o =2wldt* + 4w?Hdtdp + (2w? — a)dr? + ((2w? — a)D? + 2w? H?)d¢?.

Through direct calculations and the application of the homogeneous condition (2.5)
once more, it is evident that the Ricci tensor’s Lapidarian can be expressed as
follows:

Ap = (o — 4w?) (4w?dt? + 8w? Hdtdg + 2w?dr? + 2(2H? + P?)d¢?) .

By utilizing the equations (3.2) and (3.3) and conducting a metric contraction on
the indices, og;Rixji, the tensor field R[p] can be calculated.

Rlo] =2w?(a — 2w?)dt? + 4Hw?* (o — 2w?)dtdg — (8w?* — baw? + a?)dr?
— (D?(8w* — baw? + a?) — 2H?w? (o — 2w?))d?.

The criticality of the homogeneous Godel-type metric g for the functional F; is
established when the following set of equations is applied in Equation (2.3), given
that ||o]|? = 12w* — 8aw? + 2a2.

H ((2t+1)a? — 12w%(t + 1)a + 10w (t + 3)) =0,

H? ((—2t — 1)a® + 1202(t + 1)or — 10w (¢ + 3))
—D? ((2t + 1)a? — 8w?(t + 1) + 6w (t + 3)) =0,

a?(2t+1) — dw?a(t + 1) + 2wi(t + 3) = 0,

a?(2t +1) — 8w?a(t + 1) + 6w(t + 3) = 0,

a?(2t +1) — 12wa(t + 1) + 10w (t + 3) = 0.

It is evident that the first two equations establish simultaneously, and it is im-
perative that we consider diverse solutions of the last three equations. The critical

(3.4)
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metrics for the functional F; are summarized in the following theorem with utmost
precision and accuracy.

Theorem 3.2. A homogeneous Gidel-type space-time (M,g) is critical for the
functional F; if and only if one of the following cases occur

1) H=c¢1, D =cy+car for any real value of t.

) H=cy — cowr? —2c3wr, D =cor+ec3,w#0, fort =-3,
= coeVor —Var
III) H:cla D ©2¢ + cae . a>0 yfo'f't:_%:
D = ¢y cos(v/—ar) + czsin(y/—ar), a<0
IV) H =cy +coe™ 2" — c3e29", D = coe 2" +c3e?", w#0, fort = —%,

where c1, co, c3 are arbitrary real constants.

Proof. Consider the following set of equations.

eqp = a?(2t + 1) — dw?a(t + 1) + 2w*(t + 3) = 0,
eqy == a?(2t + 1) — 8w?a(t + 1) + 6w*(t + 3) = 0,
eqz == a?(2t + 1) — 12w%a(t + 1) + 10w*(t + 3) = 0.

If @ = 0, then the above equations give w*(t + 3) = 0. Consider the following
cases.

e If w = 0, then all of the equations vanish for any value of ¢, and the
equation (2.5) gives H' = D" = 0. The first statement is deduced by
regular integration.

o If w# 0, then ¢ = —3 and the equation (2.5) gives H' = —2wD, D" = 0.
The second statement is obtained by direct calculations.

If a #0,

e If w =0, then a?(2t + 1) = 0, which gives t = —%. From equation (2.5),
we get H' = 0, D" = aD. The third statement is deduced by noticing that
H = ¢; and by determining whether o > 0 or o < 0.

o If w#0, then T15(eqs —eqi) = w?(t+3) —a(t+1) = 0. Thus, t = 3;{7;;'
and then eqz gives a(a — 4w?) = 0, which immediately concludes o = 4w?.
So, t = —% and the equation (2.5) gives H' = —2wD, D" = 4w?D. The
last statement is obtained by direct calculations.

O

It is important to note that the first statement corresponds strictly to the flat
(Einstein) solutions and the equation (2.3) is valid for any value of t. In addition,
the last statement clearly indicates a conformally flat solution, which is also Bach-
flat. As extensively studied in the literature, Bach-flat metrics are critical for F_; /3.
Therefore, we strongly conclude that in the case of homogeneous Gédel-type space-
times, Bach-flatness inevitably leads to conformal flatness.

4. CONCLUSION

This paper has thoroughly examined the critical metrics for functionals defined
according to quadratic curvature invariants. These functionals have been widely
studied in both geometric and physical contexts. Our study focused on the crucial
Godel-type space-time, which is of paramount importance in physical research. We
have successfully provided a complete solution for the problem of classifying critical
metrics for the functionals F; and S for the homogeneous Godel-type space-times.
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ABSTRACT. The purpose of the note is to explore some properties of Mobius
transformations. We obtain conditions that lattices of composition series of a
Mobius group with finite composition length be a slim semimodular lattice.
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1. INTRODUCTION

The theory of Mobius Transformations is developed without any use of and only
one reference to complex analysis. Mobius transformations, named in honor of Ger-
man mathematician August Ferdinand M6bius (1790-1868). The Mobius transform,
which originated in the work of Rota [10], was introduced to deal with problems in
combinatorics and number theory. There are numerous fields and results intertwin-
ing with the theory of the Mdbius transform. Notice that there are many known
connections between Mobius transform properties and slim semimodular lattices

(see [10, 3, 6, 11] ).

Slim semimodular lattices were introduced by G. Gratzer and E. Knapp in 2007,
and they have been intensively studied since then. By a slim lattice we mean a finite
lattice such that the poset (partially ordered set) of its non-zero join-irreducible
elements, contains no three-element antichain. Semimodular lattices have recently
proved to be useful in strengthening a classical group theoretical result, namely,
the Jordan-Holder theorem. G. Grétzer and J. B. Nation [4] proved that given
two composition series of a group, there is a matching between their factors such
that the corresponding factors are isomorphic for a very specific reason. Every slim
distributive lattice is dually slim.

This motivates the main result of the present paper, which asserts that lattices
of composition series of a Mdbius group with finite composition length is a slim
semimodular lattice. Also, it is shown that the only M&bius transformation with
more than two fixed-points is the identity.

2. MAIN RESULTS

In his fundamental paper [10], Rota introduced the M&bius inversion formula for
any locally finite partially ordered set.
A Mobius transformation, is a map:

az+b

Z = —;
cz+d

(zeC, a,b,e,d e C, ad—bc#O)

2010 Mathematics Subject Classification. 30H25, 06C10 .
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It is clear that a Mobius transformation is holomorphic except for z = —%. Now,
we make the assignments f(—%) = oo and f(co) = 2 if ¢ # 0. If ¢ = 0, we assign
f(o0) =00 [5, 7].

Mobius geometry provides a unifying framework for studying planar geometries.
In particular, the transformation groups of hyperbolic and elliptic geometries in the

sections that follow are subgroups of the group of Mobius transformations [9].

We recall from [9] that under composition, Mébius transformations form a non-
commutative group identifiable with a quotient of subgroups of the multiplicative
group of invertible 2-by-2 matrices and there is a natural relationship between
Mobius group operations and matrix group operations. The map

7:GL(2,C) - M

a b Ol 22 +0b
z
c d cz+d
is a group homomorphism. The kernel of 7 is the group of nonzero scalar matrices.

o= { [} 9.0}

Also, the inverse of a Mobius transformation is a Mobius transformation, and the
composition of two Mdébius transformations is a Mobius transformation and we have

be given by

PGL(2,C)~ M [5].

The Moébius functions M(z) = ‘Zjis is determined by the values of four constant
parameters a, b, ¢, d and very other M(z) has one or two Fixed-Points f = M(f)

and we will have the following theorem.

Theorem 2.1. The only Mébius transformation with more than two fixed-points
1s the identity,

A lattice is a poset P any pair of elements x, y have a g.l.b. or meet denote
by z Ay, and a L.u.b. or join denote by = V y. We recall form [2] that a lattice L
is (upper) semimodular if, for all z,y € L, x ANy <— y < = V y. A semimodular
lattice L is finite by definition, whence it has 0 = 07, and 1 = 1. Let B be a set
B and € be a subset € of the power set Pow(B) = {X : X C B} of B. We denote
by X <Y that Y covers X in €, that is, X C Y but there is no Z € € such that
X C Z CY. We refer to [2] and [4] for some recent study related to lattices.

Definition 2.2. Let H : {1} = Hy<\H,<1...<1H,, = G and be composition series of
a Mébius group G. Denote {H; N K; : i,j € {0, ..., n}} by Lat(H, K). Clearly,
Lat(H, K) = (Lat(H, K), C) is a lattice.

Now, we can prove that the following Theorem.

Theorem 2.3. If G is a Mdbius group with finite composition length and for any
composition series H and K of G, then Lat(H, K) is a slim semimodular lattice.
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CONFORMAL TRANSFORMATION OF CURVATURES IN
FINSLER GEOMETRY

AKBAR TAYEBI AND FAEZEH ESLAMI

ABSTRACT. In this paper, we study the conformal transformation of some
important and effective non-Riemannian curvatures in Finsler Geometry. We
find the necessary and sufficient condition under which the conformal transfor-
mation preserves the Berwald curvature, mean Berwald curvature, Landsberg
curvature and mean Landsberg curvature.

Key words and phrases: Berwald curvature; mean Berwald curvature;
Landsberg curvature; mean Landsberg curvature.

1. INTRODUCTION

The theory of conformal transformation (or change) of Finsler metrics has been
studied by many Finsler geometers [2, 3, 4, 5, 6, 9]. But, Knebelman is the first
person that studied the conformal theory of general Finsler metrics in [4]. He gave a
geometrical criterion according to two Finsler metrics g(z,y) = g;;(z, y)dr'dz? and
g(z,y) = gij(z,y)dx'dz’ to be conformal; this reduces to the usual requirement that
gij = €%g;;. In [5], he proved that the mentioned condition implies that x = k(z)
is a function of position, merely. Indeed, two Finsler metric functions F' = F(z,y)
and F' = F(x,y) as conformal if the length of an arbitrary vector in the one is
proportional to the length in the other. The classical Weyl theorem states that
the projective and conformal properties of a Finsler metric determine the metrics
properties uniquely. Thus, the conformal properties of the class of Finsler metric
deserve extra attention.

In Finsler geometry, there are several important non-Riemannian quantities: the
Berwald curvature B, the mean Berwald curvature E and the Landsberg curvature
L, the mean Landsberg curvature J, the non-Riemannian curvature H, etc. They
all vanish for Riemannian metrics, hence they are said to be non-Riemannian. In
order to understand the conformal Finsler geometry, one can consider the conformal
transformation of these non-Riemannian quantities.

The geodesics of F' are characterized locally by the equation

d*z’ i dx

72 +2G*(z, dt) =0,
where G? are coefficients of a spray G defined on M denoted by G = §/5z'y’.
Taking three vertical derivation of geodesic coefficients of F' give us the Berwald
curvature B. A Finsler metric F is called a Berwald metric if B = 0. In this case,
G = F;-k(x)yjyk are quadratic in y € T, M for any x € M. Every Berwald metric
is a Landsberg metric.
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Taking a trace of Berwald curvature yields mean Berwald curvature E. Taking a
horizontal derivation of the mean of Berwald curvature E give us the H-curvature
H. In the class of Weyl metrics, vanishing this quantity results that the Finsler
metric is of constant flag curvature and this fact clarifies its geometric meaning
[1, 7]. By the definition, if E = 0 then H = 0.

In this paper, we study the conformal transformation of some important and
effective non-Riemannian curvatures in Finsler Geometry. We find the necessary
and sufficient condition under which the conformal transformation preserves the
Berwald curvature B, mean Berwald curvature E, Landsberg curvature L, mean
Landsberg curvature J, and the non-Riemannian curvature H.

There are many connections in Finsler geometry. Throughout this paper, we set
the Berwald connection on Finsler manifolds. The h- and v- covariant derivatives
of a Finsler tensor field are denoted by “ | ” and “, ” respectively.

2. CONFORMAL TRANSFORMATION OF (MEAN) BERWALD CURVATURE

In this section, we find the necessary and sufficient condition under which the
conformal transformation preserves the Berwald curvature B and mean Berwald
curvature E. For this aim, we need the following.

Theorem 2.1 ([3]). Let F and F be two Finsler metrics on a manifold M. Then

(2.1) G'=G+ %{(Fz)w,jyk - ()},

where G and G* are the geodesic spray coefficients of F' and F, respectively, and
“I” and “,” denote the horizontal and vertical derivation with respect to the Berwald
connection of F.

Now, we can study the conformal transformation of Berwald curvature. We
prove the following.

Theorem 2.2. Let F and F be two Finsler metrics on a manifold M. If

F(xz,y) = e”F(x,y), then the conformal transformation preserves the Berwald cur-
vature if and only if the conformal factor o = o(x) satisfies following equation.

2C k0" — 29,10 C oy + 40P CT (Y, C e+ ukCl )

—20"™(gj1C" ok + 981C iy + Ui C it + UkChjt) + 40P CoCY
—AF?c°Ch O Ct s+ 2F20P (O 1Oy 4+ O CF i) — 2010 CP i
+2F*0°CYC i — FP0™C i = 0.

(2.2)

In particular, if o(z) = constant, then B = B.

Theorem 2.3. Let F' and F  be two Finsler metrics on a manifold M. If
F(z,y) = e F(x,y), then the conformal transformation preserves the mean Berwald
curvature if and only if the conformal transformation is homothetic or the conformal

factor o = o(x) satisfies following equation.
AL, (y:Ch; + y;CF) + 2F2(Cpkj1p,i + %l )
(23) = 2(yilkj +yilki + gisIx) + F2(2LC%; ; — Iy — 41,C%,,C%) = 0.
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In particular, if o(x) = constant, then E = E.

3. CONFORMAL TRANSFORMATION OF MEAN (LANDSBERG) CURVATURE

In this section, we find the necessary and sufficient condition under which the
conformal transformation preserves the Landsberg curvature L and mean Lands-
berg curvature J.

Theorem 3.1. Let F and F  be two Finsler metrics on a manifold M . If

F(x,y) = e F(x,y), then the conformal transformation preserves the Landsberg
curvature if and only if the conformal factor o = o(x) satisfies following equation.

00Cjk1 + 0% |y Csrt + YxCsjt + yiCsji + F>Clpa s
— F?(ConjiC™Y, + Conjk C™ + Omklcn;j)} =0.
In particular, if o(x) = constant, then L = L.

Theorem 3.2. Let F and F  be two Finsler metrics on a manifold M . If
F(z,y) = e’ F(x,y), then the conformal transformation preserves the mean Lands-
berg curvature if and only if the conformal factor o = o(x) satisfies following equa-

tion.
o0y + 0 [T + F2(Ius + 2075 Cypa = €, C™ = € 7% = TnC')| = 0.
In particular, if o(x) = constant, then J = J.

4. CONFORMAL TRANSFORMATION OF H-CURVATURE

In this section, we find the necessary and sufficient condition under which the
conformal transformation preserves the H-Curvature H.

Theorem 4.1. Let F and F be two Finsler metrics on a manifold M . If

F(z,y) = e F(x,y), then the conformal transformation preserves the H-curvature
if and only if the conformal factor o = o(x) satisfies following equation.

Ziﬂsys =P |:2F2Eij,p + 2(E7,py] + Ejpyi) — 2F2(E2mC7ZJ + E]mC’";Z)
—F? mijp — (Q@mip¥i + Qmjp¥i) + F*( misC i + QmisCohi) |-
In particular, if o(x) = constant, then H = H.
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ABSTRACT. In this paper, we remark some of the well-known curvature prop-
erties of square metric. Then, we find the necessary and sufficient condition
under which a square metric is weakly stretch.

Key words and phrases: Square metric; stretch curvature; mean stretch
curvature.

1. INTRODUCTION

The well-known Hilbert’s Fourth Problem is to characterize the distance func-
tions on an open subset in R™ such that straight lines are shortest paths. It turns
out that there are lots of solutions to the problem. For example, in [4], Blaschke
discusses 2-dimensional solutions to the problem. Then, Ambartzumian [2] and
Alexander [1] independently give all 2-dimensional solutions. In [38], Pogorelov dis-
cusses smooth solutions in 3-dimensional case. Then, Szab¢d investigates several
problems left by Pogorelov and constructs continuous solutions to the problem in
high dimensions [14]. See [5] on related issue.

The Hilbert Fourth Problem in the smooth case is to characterize Finsler metrics
on an open subset in R™ whose geodesics are straight lines. Such Finsler metrics
are called projectively flat Finsler metrics or projective Finsler metrics. Hamel first
characterizes projective Finsler metrics by a system of PDE’s [6]. Then, Rapcsdk
extends Hamel’s result to projectively equivalent Finsler metrics [9].

For an n-dimensional Finsler manifold (M, F'), a global vector field G is induced
by F on TMy := TM — {0}, which in a standard coordinates (z%,y*) for TMj is
given by G = 3/ 82,3 —2G(z, y)aiyi, where G* = G*(x, y) are called spray coefficients
and given by following

(1.1) G'="g

Cdal
G is called the spray associated to F. F' is projectively flat if only if there exists
scalar homogeneous function P : TU — R such that the its spray coefficients satisfy

(1.2) G'(z,y) = P(z,y)y".

In this case, P = P(z,y) is called the projective factor.
In Finsler Geometry, there is an interesting class of projectively flat metrics on
the unit ball B™ which is given by

(V= [2P)lyP + (@, y)” + (2,9)*
(1= |22/ = 2Py + (z,9)?

(1.3) F=
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This class of metrics is called square metrics which can be expressed as

(1.4) F= @

where

_ VA= 2Py + (z,9)? 5= (z,y)
- (1 —lz[?)? T =[P
That « is a Riemannian metric and S is a 1-form with ||3]|, < 1. L. Berwald first
constructed a special projectively flat square metric of zero flag curvature on the
unit ball in R™ (see [3]).

Then the flag curvature of F is a function K = K(P,y) of tangent planes
P C T, M and directions y € P. F is called of scalar curvature if the flag curvature
K = K(x,y) is a scalar function on the slit tangent bundle 7'My, for any y € T, M.
Recently, Shen-Yildirim determine the local structure of all locally projectively flat
square metrics of constant flag curvature. Later on, L.Zhou shows that a square
metric of constant flag curvature must be locally projectively flat. In [13], Shen-
Yang proved the following.

(1.5)

Theorem 1.1 ([13]). Let F = (a+ B)?/a be a square metric on a (n > 3)-
dimensional manifold M, where o = \/a;;(x)y'ys is Riemannian and B = b;(z)y’
is a 1-form on M. Then F is of scalar flag curvature if and only if it is locally
projectively flat.

A Finsler metric F' = F(z,y) on a manifold M is said to be locally dually flat if
at any point there is a coordinate system (z°) in which the spray coefficients are in

the following form
1

Qi — _§ginyj’
where H = H(xz,y) is a C° scalar function on TMy = TM \ {0} satisfying
H(xz,\y) = N3H(x,y) for all A > 0.
Theorem 1.2 ([7]). Let F = (a+ )?/a be a square metric on an open subset
U CR” withn > 3. Then F s dually flat if and only if one of the following holds:
(i) F is a dually flat Riemannian metric.
(ii) F is of Minkowski-type. Moreover, F' can be expressed in the following form.

(1.6) F= M

|yl
where v € R™ is a non zero constant vector.

)

Let (M, F) be an n-dimensional manifold Finsler manifold. Then F is called an
Einstein metric if its Ricci curvature Ric is isotropic,

Ric = (n — 1)\F?,
where A = A(z) is a scalar function on M. In [10], Shen-Yu proved the following.

Theorem 1.3 ([10]). Let F = (a+ (8)?/a be a square metric on a n-dimensional
manifold M, Then F is an Finstein metric if and only if it is Ricci flat and

“Ric = k*(1 — b*)*~[5(n — 1) + 2(2n — 5)b*]a’ + 6(n — 2) 52,
(1.7) bijj = k(1 —b%)(1 + 2b%)a;; — 3bb;.

Then, they determined the local structure of Einstein square metrics as follows.
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Theorem 1.4 ([10]). Let F = (a+ (8)?/a be a square metric on a n-dimensional
manifold M, Then the following are equivalent.

(1)F is an Finstein metric.

(2) The Riemaninnain metric & := (1 —b?)a and the 1-form B :=1—=0283 satisfy

(1.8) 3Ric = —(n— 1)k*a&, by, = k\/1+ b2y,

where k is a constant number, b = ||B||& and Bi‘j is the covariant derivation of 3
with respect to &. In this case, F' is given in the following form

 (V1+0b%a+ )2

(1.9) F= =

9

with (14 b62)(1 — %) = 1.

(3) The Riemannian metric a := (1—b2)2+/a® — 32 and the 1-form B := (1—b%)3
satisfy apic = 0 and b;; = ka;; where k is a constant number, b = ||[||a and b;; is
the covariant derivation of B with respect &. In this case, F' is given in the following
form

(1.10) b AP+ 5
| PP

with b = b.

Also, they provide a new description for square metrics with constant flag cur-
vature.

Theorem 1.5 ([10]). The Finsler metric F = (a+ )%/« is of constant flag cur-
vature if and only if under the expression (1.10) of F, & is locally Euclidean, 3 is
closed and s homothety with respect to &. In a suitable local coordinate, F can be
expressed by

VA= [zP)lyl* + (z,9) + (z,1))?

1=z A = [ZP)y? + (7, y)?

where T := cx + a for some constant number ¢ and constant vector a. In particular,
F must be locally projectively flat with zero flag curvature.

(1.11) F=

For y € T, M, define the Landsberg curvature L, : T,M @ T,M ® T, M — R
by

-1
Ly(u,v,w) := ?gy(By(u, v, W), Y).

A Finsler metric F' is called a Landsberg metric if L, = 0.

For y € T, M, define J, : T,M — R by J,(u) := J;(y)u’. J is called the mean
Landsberg curvature. A Finsler metric F' is called a weakly Landsberg metric if
Jy = 0. For y € T, M, define the stretch curvature ¥, : T, M @ T,M @ T, M ®
T.M — R, by 3, (u,v,w, 2) := Sk (y)u'viwkz!, where

(1.12) Yijr = 2(Lijkn — Lijik),

and ’|" denotes the horizontal derivation with respect to the Berwald connection of
F. A Finsler metric F is said to be a stretch metric if 3 = 0. Also, one can define
Mean stretch curvature ¥, : T,M — R by 3, (u, v) := 3;;(y)u'v?, where

(113) Eij = 2(J2|J — J]‘,)
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A Finsler metric F is said to be weakly stretch metric if ¥ = 0. It is easy to see
that every Landsberg metric or stretch metric is a weakly stretch metric.

For an (a, 8)-metric, let us define b;; by bi|j9j = db; — bjeg', where ¢ := da’
and 9{ = Fg kd:ck denote the Levi-Civita connection form of «. Let

1 o
rij = 5 (balg +bjja), o0 = Tigy'y’
In this paper, we prove the following.

Theorem 1.6. The Finsler metric F = (o + 3)%/a is weakly stretch if and only if
the following relationship holds:

(1.14) Ardy + Brog+C =0

Above relationship is equivalent to the following two equations:
(1.15) Aqrdy + Birgo + C1 = 0,

(1.16) Agrdy + Bargo + Co =0,

where Ay, A, By, By, C1, Co are functions in terms of b> and s.
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ABSTRACT. In this paper the Riemann curvature of a Special class of gen-
eralized (a, B)-metrics are considered. In particular the conditions for begin
R-quadratic and P R-quadratic types are investigated.
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1. INTRODUCTION

Finsler geometry is a appropriate extension of Riemannian geometry. According

to Finsler geometry it was already discussed by Riemann in his lecture in 1854 [12].
Afterward, the systematic study of these spaces appeared in the thesis of Finsler in
1918 [8].
(a, B)-metrics form a special class of Finsler metrics to some extent, because they
are ”"computable”. The significance of (a, 8)-metrics was firstly suggested by M.
Matsumoto in 1972 as a direct generalization of Randers metrics [11]. In this
research we are going to concentrate on an important class of Finsler metrics called
general (v, B)-metrics, which are given as

F= a¢(b27 5)7
where a = \/a;j(z)y’y7 is a Riemannian metric and 8 = b;(z)y’ is a 1-form on M,
respectively. b = b'b;, s = g and ¢ is a smooth function. A Finsler metric is said
to be R-quadratic if its Riemann curvature is quadratic [7]. R-quadratic metrics

were first introduced by Béscé and Matsumoto [3].
For a Finsler space (M, F'), the Riemann curvature is a family of linear transfor-
mations

R, : .M — T, M,

where y € T, M, with homogeneity Ry, = AR, VA > 0. The Finsler metric
(M, F) is R-quadratic if R, is quadratic in y € T, M. Here a special class of general
(a, B)-metric of R-quadratic type is considered. In general, it is difficult to find the
Riemann curvature tensor for general (¢, 8)-metrics. Then we consider the metrics
under the following assumption

(1.1) Ry = pw(a®8y —yry'), by = c(x)a,

where ®R‘;, denotes the Riemann curvature of the Riemannian metric o and p is
the Ricci constant.
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The concept of Projective Ricci curvature PRic for a Finsler metric F' is defined
by Z. Shen [13], as follow

Smm 2
PRz'c:Ric—i—(n—l)( [mY 5 )

ntl Cmri)p

In fact, for a Finsler metric (M, F), the Riemann curvature of a projective spray
is called Projective Riemann curvature. The Projective Ricci curvature is defined
as the Ricci curvature of the projective spray. The Projective Ricci curvature of
Finsler metric on a manifold M is projective invariant with respect to a fixed volume
form on M.

A Finsler metric (M, F) is called PR-quadratic if its Projective Riemann curvature
PR, is quadratic in y € T, M. In this research, after considering a special class
of generalized (a, 8)-metrics of R-quadratic type, the conditions for being of PR-
quadratic type are studied.

2. MAIN RESULTS

Theorem 2.1. Let (M, F) be a general («, 8)-metric satisfying (1.1). Then F is
of R-quadratic type if and only if

(2.1) k= Rabp, (2)yPy’,
where
0" k() = (ajb® — bib)8 ks — (ajeb® — bibr)8" s + (bajr — ajiby)b,
and Ry = Ra(r) as
Ry = —p(2x—5Xs) + ¢ [2(2¢2 — s1hp25) — Xss +2X(2X — 5Xs) + (07— 57) (2x0ss — X2)-

Theorem 2.2. A general (o, 5)-metric (M, F), satisfying (1.1) is of PR-quadratic
type if and only if

(2.2) Ry =0o? {Ri*h's + Rssxy'}

where Ry and Rg satisfying the following equations

@Ry = E + ppg(2)yPye, Thr1 T a®(2R3 + (R1)s)s.k,
and xi is the x-curvature of F and E = % + %

Here R; and Ry are the same as stated in [14].

REFERENCES

[1] H. Akbar-Zadeh, Sur les espaces de Finsler 4 courbures sectionnelles constantes, Bulletins de
[Académie Royale de Belgique, 5e Série - Tome LXXXIV, 10 (1988), 281-322.

[2] PL. Antonelli, RS. Ingarden, M. Matsumoto, The Theorey of Sprays and Finsler Spaces with
Applications in Physics and Biology, Kluwer Academic Publishers, 1993.

[3] S. Bacsé and M. Matsumoto, Randers spaces with the h-curvature tensor H dependent on
position alone, Publ. Math. Debrecen, 57 (2000), 185-192.

[4] S. Bécsd, 1. Papp, A note on generalized Douglas space, Periodica Mathematica Hungarica,
48 (2004), 181-184.

[5] S. Bécsé, X. Cheng and Z. Shen, Curvature properties of («, 8)-metrics, In ”Finsler Geometry,
Sapporo 2005-In Memory of Makoto Matsumoto”, ed. S. Sabau and H. Shimada, Advanced
Studies in Pure Mathematics 48, Mathematical Society of Japan, 2007, 73-110.

[6] X. Cheng, Z. Shen, Randers metrics with special curvature properties, Osaka Journal of
Mathematics, 40 (2003), 87101.



34

NASRIN SADEGHZADEH AND NAJMEH SAJJADI

[7] S. S. Chern, Z. Shen, Riemann-Finsler Geometry, World Scientific Publishers, 2005.

8

9
[10
[11
[12
(13
[14

[15

| P. Finsler, Uber Kurven und Flichen in allgemeinen Raumen, Ph.D. thesis, Georg-August
Universitdt zu Gottingen, 1918.

| B. Najafi, A. Tayebi, A new quantity in Finsler geometry, Comptes Rendus Mathematique
349 1 (2011), 81-83.

| B. Najafi, B. Bidabad, A. Tayebi, On R-quadratic Finsler metrics, Iranian Journal of Science
and Technology, Transaction A, Science 32 (2008), 439-443.

] G. Randers, On an asymmetric in the four-space of general relativily, Phys. Rev., 59 (1941),
195-199.

] B. Riemann, Uber die Hypothesen, welche der Geometrie zu Grunde liegen, Abhandlungen
der Kniglichen Gesellschaft der Wissenschaften zu Gttingen, 13 (1868), 133-152.

| Z. Shen, Differential Geometry of Spray and Finsler Spaces, Kluwer Academic Publishers,
2001.

] Q. Xia On a Class of Finsler Metrics of Scalar Flag Curvature, Results in Mathematics, 71
(2017), 483-507.

] G. Yang, On a class of singular Douglas and projectively flat Finsler metrics, Differential
Geometry and its Applications, 32 (2014), 113-129.

UNIVERSITY OF QOM
E-mail address: nsadeghzadeh@qom.ac.ir

UNIVERSITY OF QOM
E-mail address: nsajjadil3980gmail.com



z2» The 12tP Seminar on Geometry and Topology
University of Tabriz, 1-2 Mordad 1402, July. 23-24, 2023

SOME NEW NON-RIEMANNIAN QUANTITIES IN FINSLER
GEOMETRY

NASRIN SADEGHZADEH

ABSTRACT. In this paper, some new Non-Riemannian quantities and then new
classes of Finsler metrics are considered. All these Finsler metrics are con-
tained in the projective invariant class of Finsler metrics, generalized Douglas
Weyl (GDW)-metrics. In fact, some new sub-classes of GDW-metrics are con-
structed and considered as the explicit Finsler metrics. Many illustrative and
interesting examples are presented.

Key words and phrases: Douglas metrics; D-metrics; R-quadratic Finsler
metrics; PR-quadratic Finsler metrics; GDW -metrics; GDW -metrics.

1. INTRODUCTION

Two regular metrics on a manifold M are called projectively related if they have
the same geodesics as the point sets. In Physics, a geodesic represents the equation
of motion that determines the phenomena of the space. A geodesic curve ¢(t) in a
Finsler space (M, F'), is defined by the second order system of differential equations

d*ct ; .
7ol +2G*(c(t),¢(t)) =0,
where G*(y) are local functions on TM given by
, 1, O*F? OF?
Gz = il k —
(y):= 19 (y){axkayl it

forye T, M.

Projective Finsler geometry studies equivalent Finsler metrics on the same manifold
with the same geodesics as points. There are well-known projective invariants of
Finsler metrics namely Douglas curvature, Weyl curvature [2], generalized Douglas-
Weyl curvature [3].

A C-projective invariant H-curvature introduced by Akbar-Zadeh [1], too. C-
projective Weyl curvature (W—curvature), the new C-projectively invariant quantity
which characterizes Finsler metrics of constant flag curvature is presented in [5].
The Finsler metrics satisfying,

D' imy™ = Tjmy',
for some tensor T}z, where Dji k|m denotes the horizontal covariant derivatives of
D%y, with respect to the Berwald connection of F, are called GDW-metrics [3].
Although, all Douglas metrics are of GDW type, there are many GDW Finsler

metrics which are not of Douglas type. The following example presents a GDW -
metric which is not of Douglas type.
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Example 1.1 ([4]). Put Q = {(z,y,2) € R*|2® + y* + 2°> < 1}, p = (z,y,2) € Q
and y = (u,v,w) € T, Define the Randers metric F' = o+ 3 by

V(—yu+z0)? + (02 + 02+ w?)(1— 22 — y?)
1—a2—y?

—yu + v

‘= 1—a?—y?

y B=

The above Randers metric has vanishing flag curvature K = 0 and S-curvature
S =0. F has zero Weyl curvature then F is of GDW metric. But 8 is not closed
then F is not of Douglas type.

On the other hands, the class of Douglas metrics contains all Riemannian metrics
and the locally projectively flat Finsler metrics. But, there are many Douglas
metrics which are not Riemannian. There are many Douglas metrics which are not
locally projectively flat, too.

The following example presents a Douglas metric which is not locally projectively
flat.

Example 1.2 ([8]). Define a and 8 by
a=nTwa, f=n'p,

for some n = n(zx) and E 1s parallel with respect to o where & and E

~ |y|2 ~_<$7y>
Az P T

and u = (u'(z),...,u"(x)) is a vector satisfying the following
u' = 20\ 4+t < fo >)at +taPf 4 f
where t is a constant and f is a constant vector satisfying tf # 0 and A2 +t|f|* # 0.

Then the m-Kropina metric F = a™B'~™ is Douglasian but not locally projectively
flat, where m # 0, 1.

Based on Douglas curvature, a new class of Finsler metrics so called D-metrics
is introduced which includes all the Douglas metrics.
A Finsler metric F is called D-metric if Djik”mejikm” = 0 or equivalently
Dj* kijmy™ = 0. B
Clearly, the class of D-metrics contains all Douglas metrics but there are many
D-metrics which are not Douglas. It means that

{Locally Projectively Flat} & {Douglas metrics}
€ {D — metrics}
S {GDW-metrics}.

There are other interesting classes of Finsler metrics which are the subset of the class
of GDW-metrics. R-quadratic and PR-quadratic Finsler metrics are some great
examples of them. The Riemann curvature is one of the important quantities, in
Finsler geometry. For a Finsler space (M, F'), the Riemann curvature is a family of
linear transformations
R, : T, M — T, M,

where y € T, M, with homogeneity Ry, = A?R,, for every A > 0. R-quadratic
Finsler spaces form a rich class of Finsler spaces which were introduced by Z. Shen
and could be considered as a generalization of Berwald metrics. A Finsler metric
(M, F) is called R-quadratic if its Riemann curvature R, is quadratic in y € T, M.



SOME NEW NON-RIEMANNIAN QUANTITIES IN FINSLER GEOMETRY 37

In [6], it is proved that every R-quadratic Finsler metric is a GDW -metric.
However, the tensors which contain both Ricci curvature Ric = Ric(z,y) and S-
curvature S = S(z,y) are more applicable [7]. Here, the Ricci curvature is defined
as the trace of the Riemann curvature. For a Finsler metric (M, F), the Riemann
curvature of a projective spray is called Projective Riemann curvature (PR,). The
Projective Ricci curvature is defined as the Ricci curvature of the projective spray,
too.
The concept of Projective Ricci curvature PRic for a Finsler metric F' is defined
by Z. Shen [7], as follows

m 2
S|my n S )
n+1 (n+1)2
The Projective Ricci curvature of Finsler metrics on a manifold M is projective
invariant with respect to a fixed volume form on M.
A Finsler metric (M, F) is called PR-quadratic if its Projective Riemann
curvature PR, is quadratic in y € T, M.
It is proved that this class of Finsler metrics contains the class of Douglas metrics
(D(M)) and belongs to the class of GDW-metrics (GDW (M)).
This paper also defines a new / quantity in Finsler geometry, so-called generalized
Berwald projective Weyl (GBW) curvature, which is a C-projective invariant.
For manifold M, let GBW(M) denotes the class of all Finsler metrics
satisfying

PRic = Ric+ (n—1)(

Bj'"wi = B ki + bjry’,
for some tensors b;,; and j3;'; where (3, 1,,y™ = 0.
A natural question that could be raised is: ”How large is GBW(M ) and what kind
of interesting metrics does it have?”
It is clear that all Berwald metrics belong to this class. However, the Berwald
metrics are not C-projective invariants. It is shown that the class of GBW -metrics
is the proper subset of the class of GDW -metrics.

2. MAIN RESULTS

In this section, the main results of this research are presented.
For convenience, we use the following notations. For Finsler manifold (M, F),
D(M) denotes the class of all Douglas metrics,
B(M) denotes the class of all Berwald metrics,

D(M) denotes the class of all D-metrics,

GBW (M) denotes the class of all Generalized Berwald Projective Weyl (GBW)-
metrics,

GDW (M) denotes the class of all Generalized Douglas Weyl (GDW)-metrics,
PRq(M) denotes the class of all PR-quadratic Finsler metrics,

Rq(M) denotes the class of all R-quadratic Finsler metrics,

on the manifold M.

Definition 2.1. A Finsler metric F is called D-metric if D;' g — Dj gy = 0
or equivalently D;"y,my™ =0

Theorem 2.2. For a Finsler manifold (M, F), D(M) is a proper subset of D(M)
and D(M) is a proper subset of GDW (M).
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Definition 2.3. A Finsler metric (M, F) is called PR-quadratic if its Projective
Riemann curvature PR, is quadratic iny € T, M.

Theorem 2.4. For a Finsler manifold (M, F), D(M) is a proper subset of PRq(M)
and PRq(M) is a proper subset of GDW (M).

Definition 2.5. A Finsler metric F is called GBW if its Berwald curvature satisfies
Bt = Bi'ri + bjy’,
for some tensors bj, and ﬂjikl; where Bjik”mym =0.

Theorem 2.6. For a Finsler manifold (M,F), Rq(M) (and then B(M)) is a
proper subset of GBW (M) and GBW (M) is a proper subset of GDW (M).
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ISOTROPIC LANDSBERG CURVATURE
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ABSTRACT. In this paper, we classify Finsler warped product metrics with
relatively isotropic Landsberg curvature. This study then proves that Dou-
glas type Finsler warped product metrics with relatively isotropic Landsberg
curvature must be either Berwald metrics or Randers metrics.

Key words and phrases: Douglas metric; Finsler warped product metric;
Isotropic Landsberg curvature.

1. INTRODUCTION

Very recently, Chen, Shen, and Zhao introduced a new class of Finsler metric
that is an extension of the Finsler geometry of the concept of the warped product
structure on an n-dimensional manifold M := I x M where I is an interval of R
and M is an (n — 1)-dimensional manifold equipped with a Riemannian metric, [1].
In fact, it is considered in the following form:

v
1.1 F(u,v) = a(a,v Uy =
(1) (u,0) = i )6 (a2 ).
where u = (u!, ), v = v! 831 + 0 and ¢ is a suitable function defined on a domain
of R2. Throughout this paper, the index conventions are as follows:

1<A<B<...<n, 2<i<3<...<n.

The class of spherically symmetric Finsler metrics can be regarded as Finsler warped
product metrics. The flag curvature and Ricci curvature of Finsler warped product
metrics are obtained by Chen-Shen-Zhao, [1]. In [1], Gabrani, Rezaei, and Sevim
characterized Finsler warped product metrics with isotropic mean Berwald curva-
ture. Moreover, they studied and classified the Landsberg Finsler warped product
metrics [3]. Moreover, Gabrani, Rezaei, and Sevim studied the volume form dV on
an n-dimensional manifold, which admits the Finsler warped product metrics, to
introduce and classify the S-curvature of Finsler warped product metrics [2].

We have the following result for Finsler warped product metrics.

ol
(i, )

Finsler warped product metric on an n-dimensional manifold M (n > 3), where

Theorem 1.1. Let F(u,v) = &(, )¢ (ul be a non-Riemannian Douglas

u = (u*

0
), v = vlﬁ + 0 and ¢ € C*°. If F has relatively isotropic Landsberg
U
curvature, then either
1. F' is Berwaldian or
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2. F is a Randers metric that is of the following form

(1.2) P 20t /(4 + o ff)) (V1 ~ 00 ()&
where ¢ = ¢(r) # 0,0 = o(u) # 0,a1 = a1(r) and as = as(r) are differen-

tiable functions.

Then, we give the following examples to see the geometric view of the theorems.

Example 1.2. Take c(r) =r,0 = X, a1(r) = [p(r)+3q(r)]r? and as(r) = —1q(r)r?
n (1.2); then, we have the following example obtained by Zhao Yang and Xiaoling
Zhang:

2rot + \/(402 + Ap(r) + $Aq(r)) r2(v1)? + IAq(r)r2a?
3 .

Then, F is a new warped product Finsler metric with relatively isotropic Landsberg
curvature, [5].

F =

2. PRELIMINARIES

In this section, we briefly introduce some geometric quantities and definitions in
Finsler geometry to prove the main theorems in this paper.
Let M be an n-dimensional manifold. It is known that a Finsler metric is a
nonnegative function F'(u,v) on T'M, which has the following properties.
(a) F(u,v)is C* on TM\{0};
(b) the restriction F, := Fir, as is a Minkowski function on T, M for all u € M.

Assume that F' is a Finsler metric on an n-dimensional manifold M. In local

A

coordinates u',...,u" and v = v oA G = v — — 2G*— is a spray induced
v

ou? v
by F. The spray coefficients G* are locally expressed as follows:

1
GA = lgAB{[Fz]ucUBvC - [F2]UB},
where gap(u,v) = [%FQLAUB and (¢4%) = (gaB) ™"

The Cartan torsion of a Finsler metric is given by

1091,
Crik = 39K
Then, the mean Cartan torsion I = Iy;du™ is defined by
(2.1) Ing =g Crnk.
Moreover, the Landsberg metrics are defined by
1 PG
(2.2) Lepgi=—=FF2————+——=0.

27 Y owCovPowE
It is known that the mean Landsberg curvature J = Jy,du™ is defined by
(2.3) Ju =g Ly k.

A Finsler metric is considered to be of relatively isotropic Landsberg curvature
if L + ¢FC = 0, where ¢ = ¢(u) is a scalar function on the manifold. It is known
that a Finsler metric F' is of relatively isotropic mean Landsberg curvature if and
only if J + ¢FI = 0.
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Proposition 2.1. Let F(u,v) = &(, f))¢(u1, #1@) be a non-Riemannian Finsler
warped product metric on an n-dimensional manifold M where u = (ul, ), v = vlil + 0
and ¢ € C*°. Then, F has relatively isotropic Landsberg curvature if and only if
there exist functions ¢ = c(r) and a;(r),i € {1,2,3,4}, such that
(2.4) U =co+ ai(r)s + az(r),

(2.5) A= %S2a3(7") —az(r)s + as(r).

3. PROOF OF MAIN THEOREMS

Now, we will classify the Douglas Finsler warped product metrics with relatively
isotropic Landsberg curvature.

Proof of Theorem 1.1: Assume that I’ has relatively isotropic Landsberg
curvature. Then, (2.4) and (2.5) hold. Assume that F' is of a Douglas type Finsler
warped product metric. Then, we obtain as(r) = 0. Thus,

(3.1) U = cp+ ay(r)s,
(3.2) A= %s2a3(r) + aq(r).

We consider the following cases:

Case 1. ¢ = 0, then A = 2s%a3(r) + as(r) and ¥ = a;(r)s, which means that F is
Berwaldian.

Case 2. ¢ # 0: In this case, by the proof of Proposition 4 in [2], we can see that
if F'= a¢(r,s) is a Finsler warped product metric where ¢ satisfies (3.1)
and (3.2), then either F is a Randers warped product (Riemann warped
product included), which can be formulated by

2cv! +1/(4c2 + oai(r)) (v1)% — cas(r)a?

)

F
o

where ¢ = ¢(r) # 0,0 = o(u) # 0,a1 = a1(r) and a4 = a4(r) are differen-
tiable functions; or F' is a singular Kropina warped product metric, which
we omit.

O
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ON LANDSBERG QUINTIC FINSLER METRICS
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ABSTRACT. In this paper, we study a class of 5-th root (a,f)-metrics. We
show that the Landsberg 5-th root («, 8)-metric has vanishing S-curvature.

Key words and phrases: Landsberg curvature; S-Curvature; m-th root;
(a, B)-metric.

1. INTRODUCTION

Let F = F(z,y) be a Finsler metric on tangent bundle TM defined as

F = %/A, where A := aiy.. i, (®)y"ry® . .y'm and a;,. ,;, are symmetric in all its
indices. Then, F is called an m-th root Finsler metric on the manifold M. The class
of m-th root Finsler metrics has been developed by Shimada in [3], and applied to
biology as an ecological metric by Antonelli in [1].

The fifth root metrics F' = i/aijklp(a:)yiyjykylyp are called the quintic metrics.
In order to understand the structure of quintic root metrics, one can study the
non-Riemannian curvatures of these metrics. Among these quantities, the mean
Landsberg curvature J and the S-curvature S have important and deep relation
with each other. Let us give a brief explanation of their relations. The distortion
7 = 7(z,y) is a non-Riemannian quantity that is determined by the Busemann-
Hausdorff volume form. The vertical and horizontal derivations of distortion 7 on
each tangent space give rise to the mean Cartan torsion I := 7,-dz® and S-curvature
S = 7'|tyt.

Theorem 1.1. Let F = \s/cla‘lﬁ + 20283 4 ¢38° be an («, B)-metric on a mani-
fold M. Then L =0 if it is a Berwald metric.

2. PRELIMINARIES

Let F = a¢(s), s = B/a, be an («, B)-metric, where ¢ = ¢(s) is a C*° on
(—bo,bo) with certain regularity, & = +/a;:(z)yy? is a Riemannian metric and
B = b;(z)y’ is a 1-form on a manifold M. For an («, 3)-metric, let us define b;.
by b;.x0% := db; — b;ﬂ;—“, where 67 := dz7 and 0;-“ = F?des denote the Levi-Civita
connection form of «. Let
Tit 1= %(bi;t +bei),  Si = §(bi;t —bii), 1o =Tay', 1o = ray'y’, o=y,

" Y i _ s i it ot it
Si0 = Say , St :=0U'sy, sy=a"sq, so=s8Y, ro:=nrwy, soi= sy,
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where a® = (a;;)~! and b® := a’*h;. Put
¢ o .— 99" — s(¢'¢" + ")
p—s¢'’ 20((¢—s¢)+ (B —s%)¢"
(z)//
2[(¢ — s¢') + (B = s2)¢"]
where B = ||3]|2. Let G' = G*(z,y) and G, = G? (z,y) denote the coefficients of

F and «, respectively, in the same coordinate system. By definition, we have

(2.2) G'= G + aQs'y + (roo — 2Qasp) (o~ 'Oy" + Wb,

Q:=

(2.1) U=

where
P :=|—-2Qasy + 1"00] Oa~!, Q':=V {Too - ZOAQSQ} b+ aQsty.

Clearly, if 3 is parallel with respect to «, that is r;; = 0 and s;; = 0, then P =0
and Q' = 0. In this case, G* = G, are quadratic in y. In this case, F' is a Berwald
metric. Put

O:=(sQ — QnA +5Q +1} — (B - s)(sQ +1)Q".

By a direct computation, we can obtain a formula for the mean Cartan torsion of
(a, B8)- metrics as follows

_ / [0
23) 5= - by - ).

Thus I = 0 if and only if & = 0.

3. PROOF OF THEOREM 1.1

The Landsberg tensor L = L;;x(z,y)dz’ @ dz/ @ da* is defined by

1
In [2], Shen obtained the following form of the expression for Ly .

Lemma 3.1. Let

(3.1) Ljp = —fo;){hjhk()l + hihCy + hihiCj + 3E;hy + 3Exhj; + SElhjk},
where
p=¢(¢—s¢), hj:=abj—sy;, hj:= OéQij — Yy, Cj = (Xuroo + Yaaso)hj + 3AJ;,
—1 rjo , —@Q 00
pi= 5 (Q=sQ) Jji=ai(spo+ o+ Rasy) — (3 +Haso)ys,
A:=—-Q", FEj:=(Xeroo + Ysaso)h; + 3uJj),
el ’ _ '
va= 2%, + 229 yveim agx, + M,
A A
1 , ’
X4 = azy (F28Q" +3(Q —sQ)Q" + 3(B ~ 5)(Q")),
1
X6:= 5 ((Q—sQ)* + (2(5 +BQ)— (B—5)(Q — sQ’))Q”),
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Let F = a¢(s), s = B/a, be an (o, B)-metric on an n-dimensional manifold M.
Then the S-curvature of F' is given by

(3.2) S = [2\11 - g}((z))} (s0+70) — %(roo — 2Qasy),

where
£(b) = Jy sin" 7t T(bcost)dt
o o sin™ 2 tdt

Here, we calculate the S-curvature of 5-th root («, 8)-metric and obtain the follow-
ing.

, T(s) = (¢ — s¢')" 2 [(¢ — s¢') + (b° — 5*)¢"].

Lemma 3.2. The S-curvature of 5-th root («, 8)-metric is given by

1
5= 2s2AB

1
 40A2B2%s?
+ 36nc1c3b%s% + 120nc; coc3b?s'? + 640nc; c3b?s' + 38ncyesb®s™0 4 12nc3cab? st

"(b
{30532 + 13020354 + 100356 + 3cico + 10010352 — Z{f((b)) }(so + ro)

{SCgcgsm — 3c3b%st — 20c3b?s'? — 60nciciessS — 112ncqcicas®

+ 2456nb203c§514 + 224071[)2626%516 — 56nc%c§c;338 — 12ncfczc2 10 _ 3Onclc§C3510

35
— 94nclc§c§sl2 — 120nclcgc§sl4 — 60386 — 20nc?cQC3s4 — 580103b20584 — 136010356
— 42nc3c3s® — lOncgcgsw - 1OnCQC§s12 — 64nc§01510 — 34b%clcyezs® 4 Aciepes®

4 80nc3b?s™® — dncicis + 36nb’cys® + deicast — 80nchs® 4 4cicis? — 8ncicls®
— 10nc3c st — 24nc§c§sm — 36nc;cys® — 96ncfc§512 - 64nclc§516 — 38ncjesst?
— 62c203b?s'0 — 2240ncac3s™® 4 28¢1 ¢330 + 80cicacss® + 8cacas'? — 9cc3b?s?
— 21c3e3b?s5 — 60b%c3c2s® — 80cicab?s® — 60cicab? st — 40c3s™ — 130ncicis'?
—36¢55"0 + 48¢ 350 + 48c2¢25% + 56b%ciciessO + 128ncicacib?s® — dncicas?

+ 8nb2ci s + 944nb?ci cacist0 4 304nbPei ciess®

+ 96nc%c§b2510} (roo + (e + 3cp8? + 50334)50>,

(3.3)

where
A= — 952 — 351 + 2¢1 0902 5% + deyesb®st + 6c§b234 + 22¢9c5b%5% + 200%1)258
— 2610254 — 4010356 — 60356 — 22020358 — 206%510,
B :=cy + 20332,
T :=(c15+ cos® + 0335)(013 + 985 + c38° — s(er + 3eas? + 50354))7%2{013
+ c95% + c35° — s(c1 + 3cas? + begs?) + (b2 — 52)(6cas + 200333)}.

Now, we study weakly Landsberg 5-th root («, 8)-metrics and prove the follow-
ing.

Theorem 3.3. Let F = ‘\r’/clo/lﬂ + c2a2B3 4 ¢34 be a Landsberg («, 8)-metric.
Then F' has vanishing S-curvature.
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Proof. Suppose F' is Landsberg, that is

(3.4) L=0.

By Lemmas 3.1, we calculate Ljj; and contract Lj; with bIb*b! |, we have
(3.5) L = foa + fia® + fo =0,

where

fa : = 40Troocs — 368rgocz Bea + 6568sgcacs — 120BBcrg — 2508s0c3b* + 30B?c3ron
+ 2OOBr00b2c§ +48Bcycsry — 440¢ac3T00b% + 432r00c301 — 115ﬁsoc§B,

fi= —70,6’27‘00ch — 100,62(337‘00()2 + 2665%rgocacs + 150,8330c§,

fo 1 = 60B*rgoc3.

By assumption, we have L = 0. Using (3.5) imply that there exists a non-zero
function g = g(z,y) of degree 4 in y such that

(36) B47’000§ = ga2.

This contradicts with the positive-definiteness of a. Thus r;; = 0. Putting it into
(3.5), we obtain

(3.7) L = s0(—656¢5 + 250b%c3 + 115¢3B)a? — 150s08%c3 = 0.

Similarly, (3.7) implies that there exists a non-zero function h = h(z,y) of degree
1 in y such that the following holds

(3.8) s0f%cs = ha’.

This contradicts with the positive-definiteness of a. Thus s; = 0. By substituting
ri; =0 and s; = 0 for (3.3), we find

(3.9) S=0.

the proof is complete. O
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ON A CLASS OF QUASI-EINSTIEN(a, §)-METRICS

SAEEDEH MASOUMI AND BAHMAN REZAEI

ABSTRACT. In this paper, we introduce the notion of quasi-Ricci and weakly
quasi-Einestien for Finsler metrics, which is the combination of the Ricci cur-
vature and the S-curvature. We study quasi-Einestien kropina metric on a
manifold of dimensional n >2. Furthermore, by supposing a quasi-Einestien
Kropina metric, we find sufficient conditions under which a Kropina metric
has quasi-Ricci flat.

Key words and phrases:  Finsler metric; (o, 8)- metric; quasi-Einetien;
quasi-Ricci flat.

1. INTRODUCTION

In 2012, Zhang and Shen introduced the condition of Einestien Kropina metric
[L1]. They proved a non-Riemannian Kropina metric F = QT; with constant Killing
from S on a manifold M with dimensional n > 2, is an Einstien metric if and only
if Riemannian metric « is an Einestien metric. J. Case and Y. Shu , G. Wei studeid
m-quasi-Einestien on manifold Reimannein [15, 14, 7].

Recently, Ohta introduced a definition of N-Ricci curvature [5]. Quasi-Einstein
Finsler metric is a generalization of Einstein metric in Finsler geometry, which
is investigated by H.Zhu [13]. We will generalize N-quasi Einestein in Finsler
geometry [2, 5]. Suppose (M, F) is manifold Finsler n- dimensional with measure
dVp = e TdVpy , is called N- weakly quasi-Einstein if it satisfies
2
Rict+ S —st (n—1)(c+ i;f)

where § is the covariant derivative of S along a geodesic of F and ¢ = ¢(x) is scalar
function and 6 is a 1- form on M. If § = 0 and N = oo ,then Finsler metric F’
is called quasi-Einstein. Furthermore, quasi-Einstein Finsler metric F' be is called
quasi-Ricci flat if ¢ = 0.

In 2022, Zhu studied quasi-Einstein square metrics. He found the structure of
quasi-Ricci flat square metric which is the famous Berwalds metric.

In 2007, Li-Shen studied (e, 5)-metrics of constant flag curvature [4, 1]. The Ricci-
curvature and S-curvature have important and fundamental topic in Finsler Ge-
ometry [9, 8, 10].

In this paper, we are going to study quasi-Einestien Kropina metrics. Firstly, we
verify essential conditions for a Kropina metric. Finally, we determine the structure
of quasi-Einstein and quasi-Ricci flat for the Kropina metric. The main theorem is
as follows
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Theorem 1.1. Let F = %2 be a Kropina metric on n-dimensional manifold M
with volum form dV = e~ 1dV,,. Then it is a quasi-Einstein Finsler metric if and
only if
(1.1) s
Casel:Assume n # 2

A: if Finsler metric F' be requllar then:

Ricg, :% {(n -2) (sg - 0262) —2(n— 2)050,6} - % [250|0 —2fos0| — foo + na?,

sl = —2[2c(n—1) + 5's;],

B: if Finsler metric F' be singullar then
Rico, = (n—2) (sg - 0252) —2(n —2)osof — 2500 + 2f050 — fojo + na?.

2. PRELIMINARIES

Let (M, F) be a Finsler space.A spray on M is a smooth vector field G on
tangent space T My expressed in a standard local coordinate system (z¢,y*) in TM
as follows G(z,y) = v* 82:1' —2G(x,y) 2, where G*(x,y) are local functions on TM

Dy’
satisfying

G'(x, \y) = NG (z,y), > 0.

The Riemann curvature R, = R} (y) 805 ® dz is expressed
, oG - O*GY - 9*°GY 0G'OGY
R, :=2— — 4yl — 2G7 — — -
k oz Y OxI Oyk + Oyioyk Oy Oy

Ricci curvature is the trace of the Riemann curvature, which is called by Ric := R}..
(a, B)-metric is a special class of Finsler metrics and can be defined by the form
F:=a¢p(s), s= %, where « is Riemann metric and g is one form. It is known
that is positive and strongly convex on T'Mj if and only if

¢(s) — 5¢'(s) + (B — s%)¢"(s) > 0,
where B := a"b;b; =||3||2. The spray coefficients of (c, 3)-metrics are given by [3]

G'=Gy +Q,

where Q' := aQ56 + 9<r00 - 2aQso> % + w(roo - 2aQsO> b?, and

B ¢/ B (¢75¢/)¢/75¢/¢N
Q=-—"—3 0= ,
00 2¢{¢—s¢’+(3—s2>¢"]
/" . 1 ..
v= ¢ - G o @yt - 02|

20— s/ + (8- )0 |
are the spray coefficients of the Riemannian metric o.

Definition 2.1. Let F' be measureable Finsler metric with volum form dVp =
e~ 7dVgy on TMy. Then combination of the Ricci curvature and S-curvature is
called quasi-Rcect curvature by

(2.1) Qric := Rict+ S,
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where S is the covariant derivative of S along a geodesic of F' and Ric := R}.

3. QUASI-EINESTIEN-KROPINA METRIC

Lemma 3.1. Let F' = O‘T; be a kropina metric an n—dimesional manifold M. Then
quasi-Ricci curvature of F' is given by
i oJ 2
K3

Ric+ §=Rice + foo — = + F(fursh — sby;) —

1 ((n — 2)3% + 2rooT

1
B2
+ r% — 8rgsg + QTSOF) + B 75700 + Toojp + Tiojod’ — ToiTy — 3r0isy — 250(0

3 . . 1 : . 3
— —as;soF —risyF — §si|0Fb1 + +sopp F + sori F' — SrgF

2 2
;s P2 i n+7
- + risoF + o0 — foroo — fesoF" + 2foso} - %Tgo
1 1070070 27000 — 20700
(31) — F 2(n + 3)7’0080 — B2 B .
Proof. The spray coefficients of F' = %2 are given by
(3.2) G' = G + aQsi + 0(roo — 20&@80)% + U (rop — 20Qsp)b’,
1 1 s
h =—— = ==
vhere @ =50 V=5p B
By (2.1) and consider the Lemma [13] and proposition [12], we can show (3.1).

O
Now we have the following proof of theorem 1.1.

Proof. Let F be a quasi-Einestein kropina metric. Then, by means quasi-Einestein
and lemma 3.1. we have

“Ric +Ti+ S —(n —1)cF? =0,

where ¢ = ¢(x) is a scalar function. we have
Casel: Assume n # 2. In this case, we show

Ric,, = % [(n—2)( — 0262) —2(n —2)osef] — %[230“) —2foso] — fojo + na’.

where 7 = n(z)is a scalar function. O
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HARMONIC VECTOR FIELDS IN FINSLER GEOMETRY

MIR AHMAD MIRSHAFEAZADEH AND BEHROZ BIDABAD

ABSTRACT. The article discusses various mathematical concepts related to
Finsler manifolds, which are spaces that have a metric that varies depend-
ing on direction. The authors define the horizontal differential, divergence,
and p-harmonic form on such manifolds. They then prove a theorem that re-
lates harmonic forms to the vanishing of the horizontal Laplacian. This leads
to a new way of defining harmonic vector fields in Finsler geometry. The ar-
ticle also presents a Bochner-Yano type classification theorem based on the
harmonic Ricci scalar. Finally, the authors demonstrate that closed orientable
Finsler manifolds with a positive harmonic Ricci scalar have zero Betti num-
ber, which is a topological invariant that measures the number of holes in a
space.

Key words and phrases: Finsler geometry; Harmonic vector field; Betti
number.

1. INTRODUCTION

The Hodge Laplacian operator is a differential operator that acts on differential
forms on a manifold. It is defined as the sum of the exterior derivative and its
adjoint, followed by the codifferential and its adjoint. In other words, it is the
composition of the Laplace-Beltrami operator and the Hodge star operator.

One of the main applications of the Hodge Laplacian operator is in the study of
harmonic forms and harmonic maps. A differential form w is called harmonic if it
satisfies the equation Aw = 0, where A is the Hodge Laplacian operator. Harmonic
forms play an important role in various areas of mathematics and physics, including
topology, geometry, and quantum field theory.

Another application of the Hodge Laplacian operator is in the study of eigen-
values and eigenfunctions of Laplace-Beltrami operators. The eigenvalues of the
Hodge Laplacian operator are related to the spectrum of the Laplace-Beltrami op-
erator, and they provide important information about the geometry and topology
of the underlying manifold.

Overall, the Hodge Laplacian operator is a powerful tool in differential geometry
and its applications, providing insights into the structure and behavior of geometric
objects on manifolds [4].

In order to extend the notion of a harmonic vector field to Finsler manifolds,
we need to first define what we mean by the Laplace-Beltrami operator on such
manifolds.

For a Riemannian manifold, the Laplace-Beltrami operator is defined as the
divergence of the gradient of a function. However, in Finsler geometry, there is no
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natural notion of a gradient, since the metric structure is not necessarily induced
by a smooth inner product.

One way to overcome this difficulty is to use the concept of a spray. A spray is
a vector field on a Finsler manifold that satisfies certain properties, such as being
tangent to the unit sphere at each point and having a unique geodesic passing
through each point with a given initial velocity.

Using sprays, we can define a Finsler Laplacian operator as follows: given a
smooth vector field X on a Finsler manifold M, we can define its Finsler divergence
div(X) as the trace of the covariant derivative of X with respect to the spray.
Then, we can define the Finsler Laplacian of a smooth function f on M as
Af = div(grad(f)), where grad(f) is the gradient of f with respect to the spray.

With this definition, we can extend the notion of a harmonic vector field to

Finsler manifolds by requiring that its divergence is zero with respect to the Finsler
Laplacian operator. That is, a vector field X on a Finsler manifold M is said to
be harmonic if div(X) = Af(X) = 0, for some smooth function f on M. This
definition captures the idea that a harmonic vector field on a Finsler manifold
preserves the harmonic structure of the manifold in a way that is compatible with
the Finsler metric [3].
The Betti number is a numerical invariant that measures the number of holes in
a topological space. It is named after Enrico Betti, an Italian mathematician who
introduced it in the 19th century. The Betti number is defined as the rank of the
corresponding homology group, which is a mathematical tool used to study the
structure of spaces.

The Betti number has many applications in various fields of mathematics and
science. For example, in algebraic geometry, it is used to study the topology of
algebraic varieties, which are geometric objects defined by polynomial equations.
In topology, the Betti number is used to distinguish different types of surfaces and
higher-dimensional spaces. In physics, it has applications in the study of phase
transitions and the behavior of materials.

One important application of the Betti number is in the classification of mani-
folds. A manifold is a mathematical object that locally looks like Euclidean space,
and it can have a nontrivial topology. The Betti numbers of a manifold provide
information about its topology and can be used to distinguish between different
types of manifolds. For example, the Betti numbers of a sphere are different from
those of a torus, which in turn are different from those of a Klein bottle.

Overall, the Betti number is a powerful tool in topology and geometry that
helps us understand the structure of spaces and their properties. Harmonic vector
fields have applications in various fields of physics and mathematics, including
fluid mechanics, electromagnetism, and differential geometry. In fluid mechanics,
harmonic vector fields correspond to the steady-state flow of a fluid, and are used
to model the behavior of fluids in various settings. In electromagnetism, they are
used to describe the behavior of electromagnetic fields in a vacuum. In differential
geometry, harmonic vector fields are used to study the geometry of Riemannian
manifolds, and have applications in the study of minimal surfaces and the theory
of relativity. Overall, harmonic vector fields are a powerful tool for understanding
the behavior of physical systems and the geometry of mathematical spaces [2].
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2. MAIN RESULTS

Definition 2.1. Let (M, F) be a Finsler manifold and

L i i
= Hcpil...ip(z)dx LA Ada'r € Af,

a horizontal p-form on SM. A horizontal differential operator is a differential
operator on SM given by

(2.1) {dH: Ao Ao

pr—dgp

where, for 1 <i,ip <n and 1 < k < p, we have

1 , , A
d :7V1 i i 7v1 G- 77v2 12_1d2/\dl1/\/\dlp
H P (p+1)]( 901 P 1902 P p501 pl)x € €
(2.2)

Let ¢ and 7w be the two arbitraries horizontal p-forms on SM with the compo-

nents ¢; ...;, and m; ..;,, respectively. We consider an inner product (.,.) on Ag as
follows
(23) (SD» 71—) = Qpilmip 7“1""‘-17 UB

p!
SM

where, @1 = ghdi . gtrTrg; L

Definition 2.2. Let (M, F') be a Finsler manifold and ¢ a horizontal (p+ 1)-form
on SM, given by

1

’l/} = mwiil...ipdl'l ANdx't Ao ANdx'.
We define the horizontal divergence (co-differential) of ¢ by
(2.4) O ) jrmgy = =97 (Vithijs gy — Vijagp VoTi)-

Definition 2.3. Let (M, F') be a Finsler manifold. A horizontal Laplacian on SM
is defined by

(2.5) Ay = dyby + dudp,

where dyg and 8y are horizontal differential and horizontal co-differential operators
on SM, respectively.

Theorem 2.4 ([1]). Let (M, F) be a closed Finsler manifold. If w is a horizontal
p-form on SM, then

(2.6) Ayw=0 dfand onlyif dyw=0, and yw=0.

Definition 2.5. A horizontal p-form ¢ on SM is called horizontally harmonic if
we have

AHSD:O

The horizontal harmonic p-forms will be referred to in the suite as h-harmonic
p-forms or simply h-harmonic.
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0
Definition 2.6. Let (M, F) be a Finsler manifold. A vector field X = X’(m)ﬁ
x

on M is called harmonic related to the Finsler structure F if the associate horizontal

1-form X = X;(z)dz* is h-harmonic on SM.

Theorem 2.7 ([1]). Let (M, F) be a Finsler manifold. Every cohomology class
Hl(M) contains a unique harmonic representative.

, 0
Let X = X*(x)=— be a vector field on (M, F). We define the harmonic Ricci

- oxt
scalar Ric as follows
(2.7) Ric(X,X) == X*X'Ry, — X*V, X' R}, — X"V, X7V,T;.

Theorem 2.8 ([1]). Let (M, F) be a closed Finsler manifold and X a harmonic
vector field on M.

1. If Ric = 0, then X is parallel.

2. If Ric > 0, then X vanishes.

Theorem 2.9 ([1]). In a closed orientable Finsler manifold with a positive har-
monic Ricci scalar Ric > 0, the first Betti number vanishes.
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ABSTRACT. In this pepar we study the special form of wieghed Ricci Curvature
which called Quasi-Einstein Finsler metric in Randers metrics.

Key words and phrases: Quasi-Einstein Finsler metric; Randers metric;
S-curvature

1. INTRODUCTION

In Finsler manifold we would like to have a measure. Riemannian manifold have
a unique canonical measure, but chossing measure in Finsler manifold isnt simple.
Let (M, F,m) be a Finsler measured manifold, where (M, F') be a Finsler manifold
with metric F' and m be a positive C* on M. For N € R/{n} Ohta intorduced
Finsler Weighed Ricci Curvature as following

Ricy(z) := Ric(z) 4 1,/ (0) —

where 1 and 7 respectively are C* in R and M [2].
Let N — oo, then the following arise;

Ricoo(2) = Ric(x) + 1, (0).

Z. Shen in 1997 introduced new quantity that called S-curvature[0].
Substitute 1, (0) with quantity S(z) apear the following equation,

(1.1) Ricoo(x) = Ric(x) + S(z).

That is first studed by otha [3]. The projective Ricci curvature is Weighed Ricci
curvature that is projecivly invariant when the volume form is fixed [4]. Another
weighted Ricci curvature is (a, b)-weighted Ricci curvature in Finsler geometry that
define by Z.Shen and R.Zhao [5]. In special case a Finsler metric F' called called
Quasi — Finstein Finsler metric if F satisfies Rico, = (n — 1)cF? [7].

Theorem 1.1. Let F = a+ 8 be the Randers metric on manifold M of dimension
n > 3 with volume form dV be a volume form. F is a quasi-Finstein Finsler met-
rics if and only if F' satisfy following
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(1.2)  ego =0o(x)(a® - B?),
(1.3) },%2\'/000 =(a? +38%)(n+ 1)c(x) — 2ﬁséh 2sh 550 4 4sbrio — 2f0s0 + a25 s

+2s0j0 = fojo + (n + 1)s§ + 28 fwish + 0% (0” + 62)@,
. 9
(1.4) 50|z =B(n+ 1)c(x) — 2s;50 + frisy — 500
+ }fOO' _ (n+ 7)0-50 +0'(O'ﬂ+ 50) + (n+ 7)()’2ﬂ.

2 2 4

2. PRELIMINARIES

Let (M, F') be a Finsler metric. The non-negative function F on TM is a Finsler
metric of M (or Finsler structure) if satisfying three conditions:
(i) Regularity, (ii) Positive 1-homogeneity and (iii) Strong convexity.
Define the most fundamental measure in Finsler geomatry named Busemann —
Hausdor ff on M by

(2.1) mpy(de) = @y (x)de'da® ... da",
where the function ®pp is defined as following

(2.2) q);j;b(x):s({(au 16R’ (Zaz =

In local cordinates, a volume form is dV = o(x)dx!...ds"™, where o is positive
function. the quantity S is measure by distortions rate of change along geodesics
where destortions 7(x,y) is defined as following

detgij(x,y)

T(z,y) :==In )

The S- curvature and S are defined by

Sty) 1= S lr(e®) )| or Sy) = mu(my)y’

t=0

d

S(,y) = 2 [S(e(®), e(1))] o S(a,y) = Sjilz,y)y’,

Where ¢ = ¢(x) be the geodesic with ¢(0) = z and ¢ = y and "—” denotes the
horizontal covariant derivative with respect to F. A vector field G, induced by a
Finsler metric F' on T'Mj, is given by

0
oz’
which is called spray of F and G'(x,y), are local functions on T'My, satisfying
Gi(x,\y) = N2G*(x,y), with X > 0 is called spray coefficients of F. In general the
spray cofficients
The famous and importand family of Finsler mertic are (o, 8) — metrics that
can be express by the form

G=y' o5 =26 (Y5

F =a¢(s), s= g.
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Put ¢(s) =1+ s, then F = o + 8 which is called Randers metric.
The spray cofficients of («, 5) — metrics are given by

G' =Gy +Q,
where
G, = ia”{%kyjyjy’“ — g},
(2.3) Q" = aQs) + O(rop — 20@30)% + W (roo — 20Qs0)b",
where
0= - _(@=stNd—spl" ¢ .
¢ — s/ 20[¢ — s¢' + (B — 5%)¢"] 2[¢ — s¢' + (B — 5%)¢"]

let (M, F) be a n-dimensional Finsler manifold and the geodesic coefficients of F’
denote by G'. Define R = R¥(z,y)dz’ ® 52|z by

IG? - 02GY . O2GH OG" 0GY

o j _ o
oz Y Oxd Oyk Oyioyk Oyl Oyk’

R =2

The family R := R¥ is called the Riemann curvature (or flag curvature tensor).
The Ricci scalar is defined by Ric:= R} and a Finsler metric F on M is called an
Einstein metric if there is function A defined on M such that Ric = \(x)F?.

3. PROOF OF THEOREM

In this section we discuss the necessery and sufficient condition that Randers
metric be a Quasi-Eistain Finsler metric. Before prove of Theorem 1.1 we need the
following lemma;

Lemma 3.1. Randers metric F' is Quasi-Finstein if and only if Rat and Irrat are
equal with zero.

Proof. Assume Randers metric is Qasi-Einstein metric, Ric+ S = (n—1)cF, so we
have the following

0=“Ric+1I'+8 — (n—1)cF
(n+7) {—1

2.2
—7T00 + QrgpSg — &°'S
F? 4 0

= “Ric+
(3.1) | |
7 {2afoso — dargish + roojo — 2as00 + 40’ sish — foroo }

+ {2asé|i — 250i8h — oﬁs?-s{ — 20f st + Jojo — (n — 1)cF2}
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By multiplaying (3.1) by F? removes y from the denominators. So Rat and Irrat
are the following form,

Rat =(a+ 8) {O‘Ric — 28,‘086 — 04283‘55 + f0|0}

+a? {4&%56 — 4r0isg + 2f0s0 + 4586“ —(n+ 7)5(2)}

(3.2) ;
+ B {roojo — foroo} — %Too
— (a* +6a2B% + ") (n — 1)c(x),
Irrat =23%Ric + 2(a® + Bz)sé‘i —4(n — De(z)B(a® + B?)
(3:3) + 4Bshsi0 — 2Bsoj0 — 4Broisy — 2(a® + B) + roop0

—2Bfo0 — foroo + 2Bfoso + (n+ T)rooso + 4a”s;s|,
—2(B* + a?) fpish — Zﬂazsé-dg.

The condition for a Randers metric to be Quasi-Einstein metric is to satisfy the
following eqation,

(3.4) Rat + alrrat =0,

the rest proof that Rat and Irrat must be zero is similar to [1] so we omit it. O

Proof of Theorem 1.1 Now these two Equation we discuss another necessery
condition Let F is Quasi-Einstein metric. So,
0(3.5)= Rat — BIrrat
= (o — B2){*Ric — (a* + 38)(n — 1)c(x) + 2fos0 + 2586‘2- + 258810
(n+7)
4

—4sdrio — 0425;5? — 25010 + fojo — (n + 7)5(2) — 2B fpish} — (100 + 265)>.

Thus we have
(3.6) ro0 +2Bs0 = o(x)(a® — 7,

where o(x) is a scalar function on M.
Return and put (19) to Rat — BIrrat = 0, by divide off factor (a? — 52) imply
following result .

“Ricoo =(a 4+ 3B)(n — 1)c(x) — 2fos0 — 2556‘1» — 258810
+dshrio + a”ss] + 2500 — fojo + (n + T)s§ + 255

(n+7), , 2\ 2
(e - )0 @),

(3.7) +

”

Back to Irrat = 0. Replace " Ricoo”, "700”, "Tooj0” and ”sbrio”. Thus we have

i ; o1
sojp =B(n +1)e(x) — 285 + fois) — 310

(3.8) + %foa _ ; "

oso+o(ofB+ sp) + (7%%7)025.
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HOMOTOPICALLY COVERING HOMOTOPY PROPERTY

ALI PAKDAMAN AND SABA DEHROOYE

ABSTRACT. In this paper we generalize covering homotopy property by homo-
topically covering homotopy property and study its effect on other concepts
such as fibrations and unique path lifting.

Key words and phrases: Covering Homotopy Property; Homotopically
Covering Homotopy Property; Fibration.

1. INTRODUCTION

A map p : E — B has the covering homotopy property if for every space X,
every map f X — FE and every homotopy F : X x I — B with po f F o Jy,
there exists a homtopy F: X x I — E such that po F=Fand FolJy= f , where
Jo.X*)XXIlSJo( )—(I,O)

Here, we want to generalize covering homotopy property to homotopically cov-
ering homotopy property: in the definition of the covering homotopy prop-
erty, poF F' is replace by poF F, rel X x I.

A weak homotopical version of the covering homotopy property, that is, the weak
covering homotopy property introduced by K. Fuchs [2]. A map p : E — B has
the weak covering homotopy property if in the deﬁnltlon of the covering homotopy
property, Fo Jo = f is replace by the fiber homotopy Fo Jo >~ f A. Dold, et.al
[1, 2, 4], studied the maps which have the weak covering homotopy property, called
h-fibrations (or Dold fibrations). They proved that the weak covering homotopy
property is invariant under the fiber homotopy equivalence, the fibers of an h-
fibration have the same homotopy type, for every h-fibration there exists the long
exact sequence, and etc (see [1, 2, 4]).

By using homotopically covering homotopy property, we introduce H-fibrations
as another homotopical generalization of fibrations.

1.1. Preliminaries. Throughout this article, all spaces are path connected, unless
otherwise stated. A map f: X — Y means a continuous function and I := [0, 1].
The map « : I — X is called a path from zo = a(0) to 1 = (1) and it’s inverse
a~! defined by a~1(t) = a(1 — t). For two paths o, 8: I — X with «(1) = 5(0),
ax 3 denotes the usual concatenation of the two paths. Also, all homotopies between
paths is assumed to be relative to end points.

For given maps p: E — B and f: X — B, a map f X — F is called a lifting
of fifpo f f, and p has unique lifting property (ul), if every two lifts f fof f
with the same image on some points of X, are equal. When F' : X x [ — Y is
a map, we say that F' is a homotopy from Fj to F; and write F : Fy >~ F}, where

2010 Mathematics Subject Classification. 57TM10, 57M12 .
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F,: X — Y is Fi(x) = F(z,1), for i = 0,1. The constant map from X to Y which
sends all points to y € Y is denoted by C,.

2. MAIN RESULTS

In the definition of the covering homotopy property, diagrams commut in the
TOP category(category of topological spaces and continuous maps). When we
enter the HTOP category(category of topological spaces and homotopy class of
maps), the commutativity of the diagrams means that the maps are homotopic.

Definition 2.1. A map p : E — B is said has homotopically covering homotopy
property, abbreviated by hchp, iffor every space X, every map f X — E and every
homotopy F : X xI — B with pof FolJy, there exists a homotopy F:XxI—FE
suchthatpOF F, relXxIa,ndFoJo—f

Clearly every map with covering homotopy property has hchp, but the following
example show that the converse is not necessarily true.

Example 2.2.

(i) Let E =1 xI—{(0, %)}, B =1 and p be the projection on the first component.
Moreover, let F' : X x I — B, f: X — E are maps withpsz F o Jy. Let
A=(1, %), and define a homotopy F:XxI—E by

o) = { 1@ +2(4—F@)t te 03]
’ F(z,t) +2(A— (F(z,1),0)(1-t) te[3,1

Define H : X x I x I — B by H(x,t,s) = (1 — s)po F(x,t) + sF(x,t). Then
H:poF ~F rel X x I because H(x,1,0) = po F(x,1), H(z,t,1) = F(z,t) and
fori=0,1, H(z,i,s) = (1 — s)po F(x,i) + sF(x,i) = po F(x,i) = F(x,i). Also
note that, ﬁOJozf.

(i) Let E = {(t,0)|t e I} U{(t,t)[teI—-{1}}, B=1 andp : E — B be the
projection on the first component. Let f: X > FEand F: X xI — B be maps with
pof: F o Jy. Define,

Flo.t) = (1= 20)pri f(x), (1 = 26)praf(@)) te0,1]
(2t = 1) F(x,1),0) teli ]

=
—

Therefore, by the gluing lemma F is continuous. Define H: X x I x1 — B by
H(x,t,s) = (1 —s)po F(x,t) + sF(x,t). Then for every x € X and every t,s € I
have

H(z,t,0) = po F(x,t),

H(z,t,1) = F(z,t),

H(z,0,s) = (1—s)po F(x,0) + sF(z,0) = po F(z,0) = F(x,0),
H(z,1,s)=(1—s)po F(x,1) + sF(z,1) = po F(z,1) = F(z,1)

Moreover, Fo Jo = f

A map p : E — B has path lifting property if for a given b € B, e € p~1(b)
and a path « in B beginning at b, there exists a path & in E such that @(0) = e
and poa = a, ([5]). Also by replacing poa = o by poa ~ a, rel I, it is said
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that p has homotopically path lifting property and « is a homotopically lifting of
«, [6]. We know that fibrations and h-fibrations have path lifting property and
homotopically path lifting property (see [6, 5]). Here, we prove that maps with
hchp have homotopically path lifting property.

Proposition 2.3. If p: E — B ihas hchp, then p has homotopically path lifting
property.

Proof. If v is a path in B and e € p~!((0)), we show that o has a homotopically
lifting at e. Let I : {x} X I — B be the homotopy defined by F(x,t) = (t) and
f: {x} = E be the map f(x ) =e. Then pof = FolJy and since p is an H-fibration,
there exist two homotopies F : {x} x I — E and H : {*} x I x I — B such that
H :poF ~ Frel {x}xI and FoJy = f.Let a(t) = F(x,t) and define H : I xI — B
by H(s,t) = H(*,s,t). Therefore we have &(0) = F(x,0) = F o Jo(x) = f(x) = e
and H : poa ~ a rel I, because for every s,¢ € I have

H(s,0) = H(,5,0) = po F(x,5) = poa(s),
H(s,1) = H(x,s,1) = F(x,s) = a(s),
H(0,t) = H(x,0,t) = po F(x,0) = poa(0) = F(x,0) = a(0),
H(1,t) = H(x,1,t) = po F(x,1) =poa(l) = F(x,1) = a(1).
(]
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INVARIANT INFINITE SERIES METRICS ON REDUCED X-
SPACES
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ABSTRACT. In this paper we study the geometric properties of Finsler Y —spaces.
We prove that Infinite series ¥ —spaces , are Riemannian.

Key words and phrases: Finsler metric; (o, 8)— metric; infinite series met-
ric.

1. INTRODUCTION

Let M be a C* manifold and p : M x M — M, pu(zx,y) = x.y be a differentiable
multiplication. The space M with the multiplication p is said to be symmetric if
the following conditions hold.

(1) zax==

(2) @.(ay) =y

(3) a.(y.2) = (w.9)(@-2)

(4) Every point z has a neighborhood U such that z.y = y implies

y=ux, forallyeU.

The notion of symmetric spaces is due to E. Cartan and reformulated by O. Loos as
pair (M, 1) with conditions (1) —(4) in [14]. A. J. Ledger [12, 11] initiated the study
later, generalized symmetric spaces or regular s—spaces. Let M be a C°°—manifold
with a family of maps {s;}zenr- The space M is said to be a regular s—space if
the following conditions hold.

(a) sz =,

(b) s, is a diffeomorphism,

(C) 8308y = Ss,y O Sz,

(d) (s.)« has only one fixed vector, the zero vector.
Y —spaces and reduced Y. —spaces where first introduced by O. Loos [14] as general-
isation of reflection spaces and symmetric spaces [13]. They include also the class
of regular s—manifolds [7].

The definition of symmetric Finsler space is a natural generalization of E. Car-

tan’s definition of Riemannian symmetric spaces. We call a Finsler space (M, F) as
a symmetric Finsler space if for any point p € M there exists an involutive isometry
sp of (M, F) such that p is an isolated fixed point of s,.
If we drop the involution property in the definition of symmetric Finsler space
keeping the property s; o s, = s, 0 s, 2 = 5,(y) we get a bigger class of Finsler
manifolds as symmetric Finsler spaces [4, 6, 8, 17]. Finsler ¥ —spaces were first
proposed and studied by the second authors in [9].
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2. PRELIMINARIES

A Finsler metric on a C'°° manifold of dimension n, is a function
F:TM — [0,00) which has the following properties.
(i) Fis C* on TMy =TM {0},
(ii) F is positively 1-homogeneous on the fibers of tangent bundle
TM,
(iii) For any non-zero y € T,,M, the fundamental tensor
gy ToM x TyM — R on T, M is positive definite,
2
gy(uﬂv) - 5888t
Then (M, F) is called n—dimensional Finsler manifold.

One of the main quantities in Finsler geometry is the flag curvature which is
defined as follows:

[F2(y + su 4 tv)]|smi=0, u,v € T,M.

gy(R(u, y)y, u)
K(P,y) = : — 2 )
where P = span{u,y} is a 2—plane in T, M, R(u,y)y = Vo Vyy =V, Vuy — Vi,
and V is the Chern connection induced by F' [16, 3]. For a Finsler metric F' on

n—dimensional manifold M, the Busemann-Hausdorff volume form
dVp = op(z)dz! ... dz™ is defined by

Vol(B™(1
op(z) = ' (B™( )>8 .
Vol{(y’) € R™|F(y p l2) < 1}
Let G := %g“[gig,igzgyk — 8(6—1;2)], denote the geodesic coefficients of F' in the same
local coordinate system. The S—curvature can be defined by

oG? , 0
S(y) = Tyi(m’y) -y @U”JF(T/)],
where y = y' 52
S—curvature if

« € Ty M (see [3]). The Finsler metric F is said to be of isotropic

S = (n+1)cF,

where ¢ = ¢(z) is a scalar function on M.

Let (M, F) be an n—dimensional Finsler manifold. The non-Riemannian quantity
E—curvature Z = Z;dz’ on the tangent bundle TM is defined by

Ei = Sim¥" — s

where S denotes the S—curvature, “.” and “—” denote the vertical and horizontal
covariant derivatives, respectively. We say that a Finsler metric have almost van-
ishing Z—curvature if £; = —(n + 1)F2(%)yi where 0 = 0;(x)y" is a 1-form on M

[16, ).
3. (o, 5) — X- SPACES
We first recall the definition and some basic results concerning ¥ —spaces [10].

Definition 3.1. Let M be a smooth connected manifold, > a Lie group, and
w:MxXxM— M asmooth map. Then the triple (M, 3, u) is a X—space if it
satisfies
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(E1): w(w,0,2) =
(22): ,u(:c eay) - yz
(E3): plz,o,pu(z,7,y) = plz,07,y)
(B5): pla,o,p(y, 7,2)) = wu(z, 0,y),0m0 " p(w, 0, 2))
where x,y,z € M, 0,7 € ¥ and e is the identity element of X. The triple (M, %, )
is usually dinoted by M.

For a fixed point € M we define a map o, : M — M by o,(y) = pu(x,0,y)
and a map ¢ : M — M by 0% (y) = o, (z). with respect to these maps the above
conditions became

()t 00(a) = .

(25): e =idy,

(33): 02T = (07)2

(E;): 0,Tyoyt = (o1o Yo, (y).
For each x € M by 3, we denote the image of ¥ under the map ¥ — ¥, 0 — 0.
For each o € ¥ we define (1,1)-tensor field S on the X—space M by

S7X, =(04)+Xy VreMX,eT, M.
Clearly S is smooth.
Definition 3.2. A X—space M is a reduced YX—space if for each x € M,
(1) T, M is generated by the set of all 0™ (X;), that is
T, M = gen{(I — 5°)X,|X, € T,M,0 € £},

(2) If X, € T,M and 60X, = 0 for all 0 € ¥ then X, = 0, and thus no
non-zero vector in T, M 1is fized by all S°.

Definition 3.3. A Finsler ¥—space, denoted by (M,%, F) is a reduced X—space
together with a Finsler metric F which is invariant under ¥, forp € M.

Definition 3.4. let o = \/a;;(x)y'y? be a norm induced by a Riemannian metric
a and B(z,y) = b;j(x)y® be a 1-form on an n-dimensional manifold M , and let

(3.1) 1B()[|a := /@7bi(2)b;(x).
Now , the function F is defined by ,

(3.2) F:=a¢(s), s= g,

where ¢ = ¢(s) is a positive ¢ function on (—by,by) satisfying

(3-3) $(s) — s¢'(s) + (0° = 5*)¢"(5) >0, [s|<b<by.

Then by lemma 1.1.2 of [3],F is a Finsler metric if ||f(z)||a < bo for any xz € M.
A Finsler metric in the form (3.2) is called an (o, f)— metric [1, 3]. A Finsler

space having the Finsler function ,

52 (x,y)
6(*% y) - a(x, y) ,
is called a Finsler space with an infinite series(c, 8) - metric.
now we present the main results

(3.4) F(z,y) =
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2
p defined
-«

by the Riemannian metric a and the vector field X. Then (M, %, a) is a Riemannian
Y. —space.

Lemma 3.5. Let (M, %, F) be an infinite series X— space with F =

Proof: Let o, be a diffeomorphism o, : M — M defined by o, (y) = p(z, o
Then for p € M and for any y € T,M , we have F(p,Y) = F(0,(p),dos(
Applying equation (3.4) we get

(X, y)? B a(Xo, (), dow(y))?

W(Xpy) = Valy,y)  @(Xe, ), doa(y)) — aldoy(y), doa(y))’
which implies

a(Xp,y)*a(Xo, (1), dos (y)) — @(Xp,y)*Va(dow(y), dow(y))

(35) = a(Xo,,(p)a dgx(y))za(va y) - &(Xam(p)a daz(y))z V d(ya y)
Applying the above equation to —Y, we get

a(Xp,y)?a(Xo, (), Aoz (y)) + @( Xy, y)*Va(doo(y), dos (y))

S Y)-
).

)

(36) = d(XUz(p)a daw (y))2d(XP7 y) + d(XUw (p)> dUm (y))2 \% &(y, y)a
Applying equations (3.5)and (3.6), we get

subtracting equation (3.5)from equation (3.6) and using equation (3.7), we get

&(y» y) = a(daz (y)v dog (y))
Thus o, is an isometry with respect to the Riemannian metric a .[J

Lemma 3.6. Let (M,%,a) be a Riemannian X—space. Let F be an infinite series
defined by the Riemannian metric a and the vector field X. Then (M,X, F) is an
infinite series X—space if and only if X is o,—invariant for all x € M.

Proof: Let X be o,—invariant. Then for any p € M, we have X, (,) = do,X).
Then for any y € T, M we have

F(o.(p),dogyp) = a(Xax(p),deyp)Q
T , A0 Yp) == :
W(Xo, (p), d02Yp) = /aldowyp, dowy,)

B a(doy Xy, doyyy)?
a(doy Xp, dogyp) — /a(dozyp, dozyp)

= 2
— o Xpup) = F(p,yp)-
a'(Xpa yp) - a(ypa yp)
conversely ,let F' be a Y, — invariant , then for any p € M and y € T, M , we
have F(p,Y) = F(0,(p), o, (V).
Applying the lemma 3.5, we have a(X,,y) = a(X,, (p), doz(y)), which implies

(3-8) a(y,y) = a(doy(y), doz(y))
Combining the equation (3.7) and (3.8) , we get
(39) a(Xm y) = d(XUm(p)a doy (y))

Therefore do, X, = X, (p). U
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Theorem 3.7. An infinite series ¥—space must be Riemannian

2
Proof: Let (M, X, F) be an infinet series X —space with F' = —— defined by the
-«
Riemannian metric @ and the vector field X. Let o, be a diffeomorphism defined
by 0. (y) = p(z,0,y). by lemma 3.5, (M, X, a) is a Riemannian ~—space. Thus we
have

a‘(sz dam(y))Q

&(sz dam(y)) - \/&(dom(y),dar(y))
a(Xg,d 2
— — a’( T Uﬂf(y))~ — F($,y)
a(Xa,dog(y)) — valy,y)

Therefore a(X,,do,y) = a(Xz,y), Yy € T, M. The tangent map S? = (doy), is
an orthogonal transformation of T, M without any nonzero fixed vectors. So we
have a(X, (57 —id).(y)) =0, Vy € T, M. Since (S — id), is an invertible linear
transformation, we have X, = 0, Vz € M. Hence F' is Riemannian. []

F({E, domy) =
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G.R.C. OF EXPONENTIAL (a,3)-METRICS WITH ALMOST
VANISHING =-CURVATURE

MOSAYEB ZOHREHVAND

ABSTRACT. In this paper, we study a class of Finsler metrics that is defined
by a Riemannian metric a and a 1-form 8 on a manifold M. They are called

(a, B)-metrics and have many applications in Physics, Biology, Control Theory
and etc. We consider (o, 8)-metric F' = a(e® + €s), s := g where € # is a
constant. It is called generalized Randers change (G.R.C.) exponential («, 3)-
metric ' = ae®. We prove that if F has almost vanishing Z-curvature then
==0.

Key words and phrases: E-curvature; exponential («, 8)-metric; Randers
change.

1. INTRODUCTION

In Finsler geometry, there are several geometric quantities: Riemannian quan-
tities including the Riemannian curvature, the flag curvature and non-Riemannian
quantities including the distortion, the (mean) Cartan curvature, the S-curvature,
the (mean) Berwald curvature and the mean Landsberg curvature, etc. They are
vanishing for Riemannian metrics, hence they are said to be non-Riemannian [6].

S-curvature S is an importan non-Riemannian quantity in Finsler geometry
which has impact to the flag curvature of a Finsler metric[3]. Using S-curvature,
we can define the non-Riemannian quantity Z-curvature & = Z;dz’ as follow:

Ei =S imy™ — Sy,

where . and | denote the vertical and horizontal covariant derivative with respect
to the Berwald connection of F', respectively. F' is said to has almost vanishing
=Z-curvature, if there exists a 1-form 6 = 6;dz* on the manifold M such that

(1.1) Ef:%n+DF%§Jw

A rich and important class of Finsler metrics is («, §)-metrics, which was first
introduced by M. Matsumoto [5]. The simplest class of (o, §)-metrics are Randers
metrics that have important applications in physics and mathematics [1]. It was
first introduced and studied by G. Randers and is of the form F' = o + 8 where «
is a Riemannian metric and § is a 1-form [7].

Due to this issue, for a Finsler metric F', one can consider the change

F— F:=F+¢p,
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where € is a nonzero constant. This transformation is called generalized Randers
change (G.R.C.) of F, because F is reduced to a Randers metric when F = o is a
Riemannian metric and € = 1.

The («, 8)-metric F = aexp(s), s := B/a, is called exponential metric and
studied by many authors [8, 9, 11, 12]. This metric is interesting, because the
exponential metric

C WETE
F=aexp(| —————dt),
o 1+ qtvb? —t2

is a almost regular unicorn metric, where b := || ]|, and ¢ is a constant. A unicorn
metric is a Landsberg metric that is not Berwaldian [10]. This paper is devoted to
study of the generalized Randers change of exponential («, 8)-metric F' = aexp(s),
s:= B/« that has almost vanishing =-curvature.

2. PRELIMINARIES

For a Finsler space (M, F'), The fundamental tensor (g,) = (g:j(z,y)) of F'is a

quadratic form on T, M that is defined
1
g”(z,y) = §[F2]y'iyj (:C,y)
The Finsler metric F' induces a gelobal vector field G on the slight tangent bundle
TMy :=TM — {0} that is given by
0 .0

- — 2G" —
ox’ oyt’
on the standard induced coordinate (z%,y%). The coefficients G* := G'(x,y) are
local functions on T'Mj that are defined by

¢ = 2 [Py — [P},

The Busemann-Hausdorff volume form dVr = op(z)dz® A ... A da™ associated to
Finsler metric F' is defined by

op(x) = Vol(

G =y

B"(1) ).
Vol{(yi) € RM\F(yis2) < 1}

The S-curvature S can be defined as follow:

3G’ . yi (9 In ofp
oxt ozt

From S-curvature, we define the non-Riemannian quantity Z-curvature E = =Z;dz
on T'M as follow:

(2.1) Ei = S.imy™ — S,

where . and | denote the vertical and horizontal covariant derivative with respect
to the Berwald connection of F, respectively.

A Finsler metric F is an (a, ) -metric if F = a¢(s), s := [/a, where
a = \/a;j(r)y'y? is a Riemannian metric, 8 = b;(x)y" is a 1-form with ||8|| < bo,
x € M and ¢(s) is a positive C* function on (—bg, by) satistying
(2.2) B(s) —s¢ (s) + (0% — s2)8 (s) >0, |s| <b< by.

In this case, the metric F' = a¢(s) is a positive definite Finsler metric [4].

S .=

9
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Let
1 1
rij = 5 (biy +bjia), sij = 5 (big = bjia),
where b;;; denote the coefficients of the covariant derivative of 5 with respect to a.
It is easy to see that the 1-form § is closed if and only if s;; = 0 and it is parallel

with respect to o if and only if r;; = s;; = 0. Furthermore, we denote
rlyi=aryy, oo = rigy'y?,
rio =Ty, 1= by,
s'oi=a® sy, sio = sy,
si=b;sl,  so = sy’
where b := aijbj. _
The geodesic coefficients G* of an («, 5)-metric F' = a¢(s) are given by [2]

(2.3) G' =Gl + aQs’y + {—2Qas + roo}{\I/bi + @a_lyi},
where G?, is the geodesic coefficients of o and
¢/
Q= z
¢ — s

o 90 =890 +6'¢)
20((6 = 50) + (12 = 7)8")’

"

¢

\I’ - 7 "y
2((¢ — s¢") + (b* — s*)¢")
3. MAIN RESULTS
In this section, we consider («, 8)-metric F' = a(e® + €s), s := g with almost

vanishing =-curvature.
Tayebi and Amini in [9] obtained the formula of E-curvature for an («, 8)-metric
F = ag¢(s) as follow.

(3.1) Ei=Hiymy™ —H; —2H,;mH™,
where
H:=(n+1)a A0 + Q'sq + a 'AV (b? — s%) 4+ 2U[rg — sQso — Q' (b* — 5?)s0],
”:” denotes the horizontal covariant derivative with respect to v and
A =10 — 2aQsp.

Theorem 3.1. Let F' = a(e® + €s), s := B/a be an (a, B)-metric on an n-
dimensional manifold M with (n > 3), where ¢ # 0 is a constant. Let F' has
almost vanishing =-curvature, then 2 = 0.

Proof. Let F' = a¢(s) has almost vanishing E-curvature, thus there exists an 1-form
6 := 6;(x)y* on M, such that

32) Z=—(n+ 1)F2(%) = —(n+ Dot — Loy, %9(@1— — sy)].

y* @
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Putting ¢(s) = e® 4+ es and (3.2) in (3.1) and using maple program, we obtain
Ajo + Aire® + Aipne® + Ajze®® + Aje® = A[Bjg + Bire® + Bise®
(3.3) + Bize®* + Bise*® + Bise® + Byge®),
where A;4,..., A0 and Byg, ..., B;o are polynomials of s and b and
A=2(n+1)a*(1l —s+b>—s%)5(s— 1)L
From (3.3), we obtain

(3.4) Bys = Big = 0.

Since Bis = €[sal); — = 0y; — %(abi —sy;)] and Bjg = af; — gyi - %(abi — sy;), thus
1

(3.5) g[a?’&- — aby; — 0(ab; — Byi)] =0

Contracting (3.5) with b?, we get

(3.6) a?0;b' — Bl — 0(a*b? — 5%) = 0.

From (3.6), we have

(3.7) a?0;b" — Bl = 0(av* — 2.

We see that the left hand side of (3.7) is irrational and the right hand side is
rational. On the other hand b?>a? — 32 # 0, thus from (3.7), we conclude § = 0, i.e.
==0. O
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ABSTRACT. In this paper, we consider invariant exponential metrics and de-
scribe all geodesic vectors and investigate the set of all homogeneous geodesics
on left invariant hypercomplex 4-dimensional simply connected Lie groups.

Key words and phrases: Complex structure; Exponential metric; Geodesic
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1. INTRODUCTION

A Finsler manifold is a manifold M where each tangent space is equipped with a
Minkowski norm, that is, a norm that is not necessarily induced by an inner prod-
uct (here, a Minkowski norm has no relation to indefinite inner products). This
norm also induces a canonical inner product. Finsler geometry is named after Paul
Finsler who studied it in his doctoral thesis in 1917.

The important family of Finsler metrics is the (o, 8)- metrics. The notion of
(cr, B)- metrics are introduced by Matsumoto [6]. If F = « + 3, then we get
the Randers metric. This metric is an (a, 8)- metric that introduced by Ingar-
den. An (a,f)- metric is a Finsler metric of the form F = ap(s), s = g where
a = +/a;j(x)y'y’ is induced by a Riemannian metric @ = a;;dz’ ® dz? on a con-
nected smooth n- dimensional manifold M and 3 = b;(z)y’ is a 1- form on M. We
note that, the important kinds of (c, 3)- metrics are Kropina metric F' = a?/8,
square metric F' = (a+ 3)?/a, exponential metric F' = a exp(/a) and Matsumoto
metric F = o?/(a — B).

The important concepts in Finsler geometry is geodesics. Geodesics in a man-
ifold is the generalization of concept of a straight line in an Euclidean space. A
geodesic in a homogeneous Finsler space (G/H, F) is called homogeneous geodesic
if it is an orbit of a one-parameter subgroup of G. Homogeneous geodesics on ho-
mogeneous Riemannian manifolds have been studied by many authors. Latifi has
extended the concept of homogeneous geodesics in homogeneous Finsler spaces [5].

suppose (M, F) be a connected homogeneous Finsler space, G is a connected
transitive group of isometries of M and H is the isotropy subgroup at a point
0 € M. Therefore, M is naturally identified with the coset space G/H with G-
invariant Finsler metric F. Also, in this case the Lie algebra g of G has a reductive
decomposition
g=m+b,

2010 Mathematics Subject Classification. 22E46, 53C60, 53C30.
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where m C g is a subspace of g isomorphic to the T, M and h is the Lie algebra
of H. In this paper we study homogeneous geodesics of left invariant Exponential
metrics on left invariant hypercomplex 4-dimensional simply connected Lie groups.

2. PRELIMINARIES

Definition 2.1. Let M be a smooth n- dimensional C°° manifold and TM be
its tangent bundle. A Finsler metric on a manifold M is a non-negative function
F :TM — R with the following properties [1].

(1) F is smooth on the slit tangent bundle TM° := TM\{0}.
(2) F(z, \y) = AF(z,y) foranyxz € M,y € T, M and X > 0.
(3) The following bilinear symmetric form g, : T M x TyM — R is positive

definite
2

10
gy(u,v) = 5853tF2($’y + su + tv)|s=t=0.

Let o = \/a;j (z)y'y? be a norm induced by a Riemannian metric a and
B (x,y) = bi(z)y" be a 1-form on an n- dimensional manifold M. Let

b= B(z)lla := \/a(x)bi(z)b;(z).
Now, let the function F is defined as follows
2.1 F = =c
(2.1) opls), s=2,
where ¢ = ¢(s) is a positive C* function on (—bg, by) satisfying

p(s)—s¢ (s)+ (B*—s*) " (s) >0, [s|< b<by.

Then F'is a Finsler metric if ||3(x)|lo < bo for any z € M. A Finsler metric in the
form (2.1) is called an (o, 8)- metric [8].
A Finsler space having the Finsler function:

Bla.y),
a(z,y)”

is called a exponential space. We note that the Riemannian metric a induces an
inner product on any cotangent space T M such that (dz’(z),dz?(z)) = a¥(x).
The induced inner product on 7y M induces a linear isomorphism between T M
and T, M. Then the 1-form /3 corresponds to a vector field X on M such that

F(z,y) = a(z,y) exp(

(2.2) aly, X (x)) = B(x,y)-
Also we have ||3(z)]|a = || X(2)||o . Therefore we can write exponential metric as
follows:
ST e X Y)
(2.3) F(z,y) = Va(y,y) exp(m)-

Now consider the Chern connection on 7*T'M whose coefficients are denoted
by F;k Let v(t) be a smooth regular curve in M with velocity field V. Suppose
W(t) = Wi(t) a?;i be a vector field along . Then the covariant derivative Dy W
with reference vector V' have the form

dW? ki 0
ax TV jk)(%V)]@‘v(t)'
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A curve v(t) with the velocity V' = 4(t), is a Finslerian geodesic if

\%4

v 7w

"LEW)

Definition 2.2. Suppose (G/H, F) be a homogeneous Finsler manifold with a fized

origin 0. Let g and b be the Lie algebra of G and H respectively and g =m+bh a

reductive decomposition. Therefore, a homogeneous geodesic through the o € G/H

is a geodesic y(t) of the form

(2.4) A1) = exp(tZ)(0), tER,

where Z is a nonzero vector of g.

} =0, with reference vector V.

In Riemannian setting the authors in [1], proved that a X € g— {0} is a geodesic
vector if and only if

(2.5) ([X,Y]m, Xm) =0, VY em.
After this, the second author in Finsler setting shown that

Lemma 2.3 ([5]). Suppose (G/H,F) be a homogeneous Finsler space with a re-
ductive decomposition

g=h+m.
Therefore, Y € g — {0} is a geodesic vector if and only if
(2.6) gy (Y, [Vs Z]m) = 0, VZ €m,

where the subscript m indicates the projection of a vector from g to m.

3. GEODESIC VECTORS OF EXPONENTIAL METRIC ON FOUR DIMENSIONAL LIE
GROUP

An almost complex structure on a real differentiable manifold M is a tensor field
J which is, at every point = of M, an endomorphism of the tangent space T,M
such that J2 = —1, where 1 denotes the identity transformation of T, M. Note that
for any two vector fields X and Y, we define the Nijenhuis tensor N as
(3.1) NX,)Y)=[X, Y|+ J[JX, Y]+ JX,JY]| - [JX,JY].

A hypercomplex manifold is a manifold M with three globally-defined, integrable
complex structures I, J, K satisfying the quaternion identities
(3.2) IP=J"=K*=-1, and IJ=K=-JIL

Obata [7] proved that a hypercomplex manifold admits a unique torsion-free
connection V such that
VI=VJ=VK=0.
Now let M be a 4-dimensional manifold. A hypercomplex structure on M is a
family H = {J, }a=1,2,3 of fiberwise endomorphism of T'M such that

(3.3) —Jodi = J1Jy=J3, J2=—Idry, a=1,2,3,
(3.4) N,=0, a=1,23,

where N, is the Nijenhuis tensor (torsion) corresponding to J,.

We note that, an almost complex structure is a complex structure if and only if it
has no torsion [3]. Then the complex structures J,, o = 1,2,3, on a 4-dimensional
manifold M form a hypercomplex if they satisfy in the relation (3.3).
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Definition 3.1. A Riemannian metric a on a hypercomplex manifold (M, H) is
called hyper-Hermitian if for all vector fields X andY on M and for alla =1,2,3
we have
a(Jo X, JoY) =a(X,Y).
Definition 3.2. A hypercomplex structure H = {J}a=1,2,3 on a Lie group G is
said to be left invariant if for any t € G we have
Jo=TlyoJy 0TIt Y,

where Tl is the differential function of the left translation l;.

In this section, we consider left invariant hyper-Hermitian Riemannian metrics on
left invariant hypercomplex 4-dimensional simply connected Lie groups. Barberis

shown that in this spaces, g is either Abelian or isomorphic to one of the following
Lie algebras.

(3.5) [e2,e3] =e4, [es,eq] = €2, [es,ea] =e3, e :central,
(3.6) le1,e3] =e1, [ea,e3] =ea, [e1,eq] = €2, [e2,e4] = —ey,
(3.7) [e1,e2] =ea, [e1,e3] =e3, [e1,e4] = ey,

1
(3.8) le1,e2] =ea, [e1,e3] = 262 le1,eq] = 564 les, eq] = 362

where {e;, es,e3,e4} is an orthonormal basis.

Now we want to describe all geodesics vectors of left invariant exponential metrics
F' defined by relation

p a(X,y
Fla,y) = v/aly,9) exp(-t) )
a(y,y)
By using the formula
1 2
gy(u,v) = 2 Bedi F2(2,y + su + tv)| s—s—o,

and some computations we get

2a(X,y) . /- N _ a(X,y)aly, u)a(y,v)
gy(u,v) :eXp(7~(y y))(a(u,v) +2a(X,u)a(X,v) — PRIEE )
2 (X, y) 1 . _ N N N N
+exp( ) s (X, 1)) + (X, 0l )~ E(X, i)
QG(X) y) 20’(X7 y) d(X y)a’( )a'(y)v) _ d u & v) — & v & v
(G )T (S (v, wa(X,v) — a(X.v)aly.v)).

Therefore, for all z € g we have

_ a(y,y) —a(X,y) s exn( 2K Y)
(3.9) gy(y, [y, 2]) = (X+( ) )u. v, ])\/ (y, y) exp( i y))

Now, by using lemma 2.3 and equation (3.9) a vector y = 2?21 yie; of g is a
geodesic vector if and only if for each 7 =1,2,3,4,

4 4
i1 Y7 i= xzy%
(3.10) d(g zie; + ( > 124 % . g YiCi, E yz€z7€]>:
i=1

i=1 ?Ji
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So, we get the following cases:

3.1. Case (1).

j=2 — $3y4—$4y320,
J=3 — x4y2 —x2y4 = 0,
j=4 — xoy3 —x3y2 = 0.

As a special case, if X = z1e1, then a vector y of G is a geodesic vector if and
only if y € Span{e;}.

Corollary 3.3. Let (M, F) be a Finsler space with emponential metric ' defined by
an invariant metric a and an invariant vector eld X = Z _q Tie; on left invariant
hypercomplex 4-dimensional simply connected Lie group and let (3.5) holds. Then
geodesic vectors depending on xo, x3 and 4.

Theorem 3.4. Let (M, F) be a Finsler space with exponential metric F defined
by an invariant metric a and an invariant vector eld X = xi1e; on left invariant
hypercomplex 4-dimensional simply connected Lie group and let (3.5) holds. Then
y € g is a geodesic vector of (M, F) if and only if y is a geodesic vector of (M, a).

Proof. Let y € Z?Zl yie; € g. Let y is a geodesic vector of (M, a). By using (2.5)
we have a(y, [y,e;]) = 0 for each ¢ = 1,2,3,4. Therefore by using (3.10), y is a
geodesic of (M, F).

Conversely, let y = Z?zl yie; € g is a geodesic vector of (M, F), because
a(X, [y, e;]) = 0 for each i = 1,2,3,4, by using (3.10) we have a(y, [y,e;]) =0. O

3.2. Case (2).
j=1—= mxys+ 'Zy’ Z 1y1y1y3+$2y4+\/27y’ 2y gy = 0,
/ 27 / 27 ot
J=2 = mys+ %ylm — (z2ys + %ym) =0,
J=3 5 au o+ \/Zy, Z TiYi Y2 + Toys + Vvl ZzlylyQZO,
J=4 = $2y1—$1y2—0-

As a special case, if X = x3e3 + z4e4, then a vector y of G is a geodesic vector
if and only if y € Span{es,es}.

Corollary 3.5. Let (M, F) be a Finsler space with ewponential metric F' defined by
an invariant metric a and an invariant vector eld X = Z _1 Zi€e; on left invariant
hypercomplex 4-dimensional simply connected Lie group and let (3.6) holds. Then
geodesic vectors depending on x1 and xs.

Theorem 3.6. Let (M, F) be a Finsler space with exponential metric F' defined by
an invariant metric a and an invariant vector eld X = xzes+x4e4 on left invariant
hypercomplex 4-dimensional simply connected Lie group and let (3.6) holds. Then
y € g is a geodesic vector of (M, F) if and only if y is a geodesic vector of (M, a).

Proof. The proof is the same as before. O
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3.3. Case (3).
ji=1— $292+$3y3+x4y4+\/ﬂ z:m'747(92‘4'3/3"'94) 0,
j=2 = $2y1+\/ﬂzzy7yyl_0
j=3 = x3y1+mzzy’yy1—0
j=4 — $4y1+\/27yl Zz%yyl_o

As a special case, if X = zie;, then a vector y of G is a geodesic vector if and
only if y € Span{e; }.
Corollary 3.7. Let (M, F) be a Finsler space with exponential metric F defined by
an invariant metric a and an invariant vector eld X = Z?Zl xie; on left invariant

hypercomplex 4-dimensional simply connected Lie group and let (3.7) holds. Then
geodesic vectors depending on xo, x3 and T4.

Theorem 3.8. Let (M, F) be a Finsler space with exponential metric F defined
by an invariant metric a and an invariant vector eld X = x1e1 on left invariant
hypercomplex 4-dimensional simply connected Lie group and let (3.7) holds. Then
y € g is a geodesic vector of (M, F) if and only if y is a geodesic vector of (M, a).

Proof. The proof is the same as before. O
3.4. Case (4).
V2 ui= iy
J=1 = 2woys +x3ys + Taya + %(293 +y3+yi) =0,
\/Zy Zwﬂhyyl_o
V2P iy y E Ty (

\/Zy E Lyi(

As a special case, if X = zjeq, then a Vector y of G is a geodesic vector if and
only if y € Span{e; }.

j=2 = xy+

j=3 —  x3y1 — Toys + Ysy1 — Yaya) = 0,

j=4 — xoysz+ ray1 + yay1 + yo2y3) = 0.

Corollary 3.9. Let (M, F) be a Finsler space with exponential metric F defined by
an invariant metric a and an invariant vector eld X = Z?:l xie; on left invariant
hypercomplex 4-dimensional simply connected Lie group and let (3.8) holds. Then
geodesic vectors depending on xa, x3 and Ty4.

Theorem 3.10. Let (M, F) be a Finsler space with exponential metric F defined
by an invariant metric @ and an invariant vector eld X = x1ey on left invariant
hypercomplex 4-dimensional simply connected Lie group and let (3.8) holds. Then
y € g is a geodesic vector of (M, F) if and only if y is a geodesic vector of (M, a).

Proof. The proof is the same as before. O
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QUARTER SYMMETRIC METRIC CONNECTIONS ON
COSYMPLECTIC STATISTICAL MANIFOLDS

SOHRAB AZIMPOUR AND SHIVA SALAHVARZI

ABSTRACT. In this paper we define a quarter symmetric metric connection on
cosymplectic statistical manifolds and study the geometry of these manifolds
and their submanifolds. Also, we prove the induced connection on a sub-
manifold with respect to a quarter symmetric metric connection is a querter
symmetric metric connection and the second fundamental form coincides with
the second fundamental form of the Levi-Civita connection.

Key words and phrases: statistical manifold; quarter symmetric; cosym-
plectic manifold.

1. INTRODUCTION

Definition 1.1. Let (M, g) be a Riemannian manifold with Levi-Civita connection

V. A pair (V,9) is called a statistical structure on M if V is an affine and torsion
free connection and for all X,Y,Z € T (M) we have [1]

(1.1) (Vx9)(Y.Z) = (Vyg)(X, Z).
Then (M, g,V) is said to be a statistical manifold.
An affine connection V* is called a dual connection of V if
(1.2) Xg(Y,2) = g(VXY, Z) + g(Y,Vx 2).
V* satisfies in equation (1.1) and (V*)* = V. From compability of V with ¢ and
(1.2) we obtain V = %(? + V).
by defining R{Y = VxY —VxY. [5] K is a symmetric (1,2)-tensor field on M,
that is, KxY = Ky X and
(1.3) 9(ExY,Z) = g(KxZ,Y).
Let (M,g) be a (2n + 1)-dimensional Riemannian manifold. If there exist a (1,1)-

tensor field ¢, a structure vector field § and a 1-form 7 on M such that for all
X, Y e T(M)

(1.4) W =-T+n®E,
(1.5) (§) =0, n) =1,

(1.6) 9(pX, YY) = g(X,Y) =n(X)n(Y), g(eX)Y) = —g(X,¢Y),
then (M, ¢, &,1, g) is said to be an almost contact metric manifold. An almost con-

tact metric manifold (M, ¢, &, 7, g) is called a cosymplectic manifold if (@ xp)Y =0.
Now, let M be a submanifold of statistical manifold M, then the Gauss formulas
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for submanifold M of M with respect to statistical connections V and V* are given
by [2]

(1.7) VxY =VxY +h(X,Y),

(1.8) VLY =ViY + 5 (X,Y),

for all X,Y € T(M), where V,V* and h,h* are induced statistical connections
and second fundamental forms on M, respectively. Also M is called p-invariant if
X € T(M), for all X € T(M).

Theorem 1.2 ([1]). Let (M,g,0,V,V*) be an almost contact statistical manifold.
Then (M, g,¢,V,V*) be a cosymplectic statistical manifold if and only if

(1.9) VxeY —oViY = KxpY + oKxY.

Definition 1.3. A linear connection V on a cosymplectic statistical manifold
(M,g,0,1m,6,V,V*) is said to be a quarter symmetric connection if its torsion
tensor T satisfies

(1.10) T(X,Y) = VxY —Vy X — [X,Y] = n(Y)pX —n(X)pY, VX,Y € T(M)

Moreover, if the quarter symmetric connection V satisfies @g = 0, then V is
called a quarter symmetric metric connection.
Now, for all X|Y € T(M) we set

(1.11)  VxY =VxY —n(X)pY — KxY, VxY =V%Y —n(X)pY + KxY

It is easy to see that the torsion tensor T with respect to linear connection V
satisfies in (1.10).

In [3] the outhors in generel define a semi-symmetric metric connection on statis-
tical manifolds and study the geometry of these manifolds and their submanifolds.
In this paper we define a quarter symmetric metric connection on cosymplectic sta-
tistical manifolds. We prove for a quarter symmetric metric connection on cosym-
plectic statistical manifolds the relation @gp = 0 holds.

2. MAIN RESULTS

Theorem 2.1. Let (M,V,g) be a cosymplectic statistical manifold admitting a
quarter symmetric linear connection V defined in (1.11). Then V is a metric con-
nection.

Proof. By using (1.1), (1.3), (1.6), (1.11) and Theorem 1.2 we obtain
(Vxg)(Y,2) =0, VXY, Z & T(M).
It gives the assertion. ([l

Now, we prove any quarter symmetric metric connection on a cosymplectic sta-
tistical manifold satisfies in (1.11).

Theorem 2.2. Let (M,V,g) be a cosymplectic statistical manifold admitting a
quarter symmetric linear connection V. Then V satisfies in (1.11).
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Proof. Leti@ be a metric connection satisfying (1.11) on cosymplectic statistical
manifold M defined by

(2.1) VxY =VxY + HX,Y),
where H is a (1,2)-tensor field on M. From (1.1) and (2.1) we obtain
0= (Vxg)(Y,2) = Xg(Y,Z) - g(VxY,Z) = g(Y,Vx Z) = Xg(Y, Z)
—g(VxY +H(X,Y), Z2)—g(Y,VxZ+ H(X, Z))
= —29(Kx2,Y) —g(H(X,Y),Z) = g(H(X, Z),Y).

So
g(H(X,Y),Z) +9(H(X, 2),Y) = =29(Kx Z,Y).
Now, from (2.1) we have

T(X,Y) = H(X,Y) — H(Y, X).
By using (1.10) we obtain

9(T(X,Y), Z) +g(T(Z,X),Y) +g(T(2,Y),X) = g(H(X,Y) - H(Y,X), Z)
+9(H(ZvX)7Y) _H(X7 Z),Y) +g(H(Z7Y) _H(K Z)vX)
— 2(g(H(X,Y), Z) + g(Kx Z,Y)).

Substituting (1.10) in the last equation implies

g(H(X,Y),Z) = %{g(n(Y)wX —n(X)eY, Z) + g(X)pZ —n(2)pX,Y)

+9(Y)eZ —n(Z)Y. X)} — g(Kx Z,Y).
Thus we get ~
H(X,Y) = —n(X)gY — KxY.
By taking the Equations (1.3) and (1.11) we get
VxY = VLY —n(X)e(Y) + KxY.
(]

Theorem 2.3. Let (M,V,g) be a cosymplectic statistical manifold admitting a
quarter symmetric metric connection V. Then Vo =0 .

Proof. For all X,Y € T (M) by using Theorem 1.2 we have
(Vx@)Y = VxeY —pVxY = VxpY —n(X)e’Y — KxpV
(2.2) — V%Y +n(X)p?’Y — pKxY = 0.
([

Lemma 2.4. Let (M, V,g) be a cosymplectic statistical manifold admitting a quar-
ter symmetric linear connection V. Then the curvature tensor R associated with V
satisfies the following conditions for all X, Y, Z,W € T (M)

1) R(X,Y)Z = —R(Y,X)Z,

2) g(R(X,Y)Z,W) = —g(R(Y, X)W, Z).
We consider V'’ and k' the induced connection and second fundamenta} form on
submanifold M with respect to the quarter symmetric metric connection V, respec-

tively. So the Gauss formula with respect to quarter symmetric metric connection
V is the form VxY = VY + 1/(X,Y).
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Theorem 2.5. Let M be a p-invariant submanifold of a cosymplectic statistical
manifold M admitting a quarter symmetric metric connection V and £ € T(M).
Then we have

ViY =VxY —n(X)pY — KxY, VX,Y € T(M),

n(X,Y) :%(h(X, Y)+ h"(X,Y)),

1
where KxY = i(V - V).

Proof. Applying (1.10) and Gauss formula in (1.7) we get
VxY =VxY —n(X)pY — KxY = VxY +h(X,Y) — n(X)pY

1
— (VY +h(XY) = Vi Y = 1"(X.Y))

1
(2.3) = Vx¥ = n(X)pY — Kx¥ + 3 (h(X,Y) +h*(X,Y)).
By separating the tangential and normal parts we get the result. O

Remark 2.6. By similar proof of Theorem 2.5 we can show
VY = VLY —n(X)eY + KxY, VXY € T(M).

Corollary 2.7. Let M be a p-invariant submanifold of cosymplectic statistical
manifold M such that M admits a quarter symmetric metric connection NV and
£ € T(M). Then the induced connection V' of quarter symmetric metric connection
V is also quarter symmetric metric connection and (V' g)(Y, Z) = (Vxg)(Y, Z).

Corollary 2.8. Let M be a @-invariant submanifold of cosymplectic statistical
manifold M such that M admits a quarter symmetric metric connection NV and
& € T(M). Then the second fundamental form with respect to quarter symmetric
metric connection NV coincides with the second fundamental form of Levi-Civita
connection.
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GEODESICS ON THE LIGHTLIKE CONE

ALIREZA SEDAGHATDOOST AND NEMAT ABAZARI

ABSTRACT. In this paper, we calculate radical distribution Rad TQ™ and light-
like transversal vector bundle of ltr(7T'Q™) and by means of these, we prove that
the geodesics of the lightlike cone Q™11 are same as the geodesics of the Eu-
clidean cone.

1. INTRODUCTION

Lightlike submanifolds have been one of the recently subjects in differential ge-
ometry and modern physics. In general relativity, lightlike submanifolds usually
appear to be some smooth parts of the achronal boundaries. for example, event
horizon of Kruskal and Kerr black holes and the compact Cauchy horizons in Taub-
NUT spacetime.[3, 5, 9].

In a Riemannian or semi-Riemannian manifold the geodesics are fundamental
tools for appreciation of the properties of the manifold. To find geodesics in a man-
ifold plays a very important role in special and general relativity. The geodesics in
space-time are classified as spacelike, lightlike or timelike. The physical significance
of these types of geodesics that is the path of a light ray in space-time is described
by a lightlike geodesic.

2. PERLIMINARIES

Let E™ be n-dimensional Euclidean space. For two vectors v = (vl,... v") and

w= (w',...,w") and an integer 0 < ¢ < n the following bilinear form is defined.

n—gq n
(2.1) (v, w)g == Zviwi - Z v,
i=1 i=n—q+1

that is a semi-Riemannian manifold. The resulting semi-Riemannian space is called
Minkowski n-space; if n = 4 it is the simplest example of a relativistic space-time[9].
A vector v # 0 in £} is called spacelike, timelike or lightlike if (v, v), > 0, (v,v), <0
or (v,v), = 0 respectively, and v = 0 is spacelike. The set of all lightlike vectors in
E7*1 s called lightlike cone and denote by Q™.

Let (M,g) be an n+1-dimensional semi-Riemannian manifold and (M,g) be
a hypersurface of M with degenerate metric ¢ induced of § by an immersion
i: M — M. Since g is degenerate on M, thus there is a vector field £ # 0 on M
such that

g(&,X)=0, VX eD(TM)
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For any x € M, the radical space of T,, M is a subspace of T, M, defined by
(2.2) RadT,M :={¢ €T, M : g,(§,X)=0, VX € T, M}

and M is called a lightlike hypersurface of M]J].

In a lightlike hypersurface, standard definition of second fundamental form and
Gauss-Weingarten formulas do not work; thus in 1991 Bejancu-Duggal in [2] intro-
duced a new technique as follow.

Let S(T'M) be complementary of RadT'M in T M, thus S(T'M) is a non-degenerate
distribution of M which is called screen distribution on M, since M is paracompact
thus there always exists a screen distribution S(T'M). For this reason we can de-
compose T(M) to orthogonal direct sum of two sub-bundle S(T'M) and S(TM)~+
(For more details, see [2, 5, 1]).

Theorem 2.1 ([5]). Let (M,g,S(TM)) be a lightlike hypersurface of a semi-
Riemannian manifold (M, g). Then there exists a unique bundle ltr(TM) of rank
1 over M, such that for any non-zero section & of TM* on a coordinate neighbor-
hood U C M, there exists a unique section N of ltr(TM) on U satisfying:

(2.3) g(N,&) =1, g(N,N) =g(N,W) =0, VW € I'(S(TM),).
Now we can decompose T(M|,,) as follow.
(24)  TM,,, =S(TM) L (RadTM @& ltr(TM)) =TM & ltr(TM),
th(at W«)s call itr(T'M) the lightlike transversal vector bundle of M with respect to
S(T'M).

By using the second form of decomposition in (2.4) we obtain Gauss and Wein-
garten formulas as follow

(2.5) VxY =VxY +h(X,Y),
(2.6) VxV = -AyX + V4V,
for all XY € I'(TM) and V € I'(ltr(TM)), where VxY and Ay X belong to

[(TM) while h(X,Y) and V4V belong to I'(itr(TM)) [5].
Since rank of T'(ltr(TM)) is 1 thus if we set

(2.7) B(X,Y) = g(Vx V),

(2.8) 7(X) =g(VikN,§),

then by theorem 2.1 in the relations (2.5), (2.6) we conclude that
(2.9) VxY =VxY + B(X,Y)N,

(2.10) VxV =-AvX +7(X)N.

One of the example in the lightlike hypersurface is n-dimensional lightlike cone of
Minkowski space Ey*!. Let (Eg*!, () ) be (n+1)-dimensional Pseudo-Euclidean
space that its metric be defined in (2.1). (EJ*!, (, ),) is called Minkowski space
of index q [9].

The upper lightlike hypersurface Qi of E}'*! be viewed by

i: B" — Bt
(2.11) (21, ..y 2pn) = (T1,...,Tn,b),

where b = \/Z?;{Hl x3 =3 i2®; The case QF denoted by Q™.
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3. ABOUT THE CURVES TYPE OF LIGHTLIKE CONE OF INDEX 1

In Euclidean space a regular curve is a curve that its velocity vector is nonzero.
In the Minkowski space E}, any timelike ( lightlike ) curve is regular. Also if a
curve x : I — E$ is regular in sq then by continuity, « is regular in a neighborhood
of sp[7]. Similarly to this, we can prove the following.

Proposition 3.1. Any timelike (lightlike) curve x : I — EPT (with arbitrary
parameter) is reqular.

Proof. Assume that the curve is timelike. We write

z(t) = (x1(t), .., Tn(t), Tns1 (1)),
where z;(t) are differentiable functions on I. In this case we have
(3.1) (@(t), &(t) = &1(t) + - +ap(t) —dn () <O,

in particular &,11(t) # 0, that is, « is regular.
If the curve is lightlike, we have @,1(t) # 0 again since, on the contrary, &;(t) =0
and Z(¢) = 0. But this means that the curve is spacelike. (]

Lemma 3.2. Letz: 1 — Q™ C E{H'l be a curve. Then x is lightlike if and only if
x 18 a straight line.
Proof. Let (xz,z) =0 and (&,2) = 0 that is
(3.2) $i+1:ﬁ+"‘+$i,
(3.3) i =47+ .
By differentiation of (3.2) yields that
xn-}-lj:n-ﬁ-l =121+ + J)n.f»,“
(3.4) 90 N2 (o . )2
(1) (Tns1)” = (2181 + -+ + Tpdp)”

By replace of (3.2) and (3.3) in (3.4) and some calculations we conclude that:
Z (l’i.’i‘j — $jjﬁi)2 = O,
ij=1
,Tii'j — l‘jil"]i = 0,
LT i,
Z; Ty

vi(s) = Awa(s); i=1Lo.oom, @upa(s) = £4/1+ A3+ + A2 a(s),

that A, is some real constant. Thus z(s) = Zml(s) that is a straifht line with real

differential function x;(s) and constant lightlike velocity vector A. (]
Lemma 3.3. Letxz: 1 — E?H be a timelike curve. Then x is not lying in the Q™.

Proof. If x be in the Q™, then

2 2 2
Tpi1 :$1+"'+$n,
therefor
n
/ !
(3.5) E LTy = Ty 1Ty -

i=1
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and since z is timelike thus:

(36) (e @] ) S =
If we replace (3.5) in (3.6) then
Z (zia'j — xj23)? = —a2 4,
i,j=1
thus 2,41 = 0 and by (3.5) yield that z;(s) =0; ¢ =1,...,n. So z(s) = 0 that is
a contradiction. O

These two lemmas yield the following theorem.

Theorem 3.4. Letx: [ — Q™ C E?H be a regular curve. then x is non-straight
line if and only if x is a spacelike curve.

Proof. Let x be a non-straight line curve in Q", then by lemma 3.2 this curve is
not a lightlike curve and by lemma 3.3 this curve is not a timelike curve, thus it is
a spacelike curve.

Conversely; if the curve is a spacelike and straight line then x(s) = Xi(s) that

Z(s) is a real differential function and Z is a lightlike vector as z is lightlike, that
is a contradiction. O

4. RAD TQg AND ltr(TQy)

Since induced metric on lightlike cone Q™ of Minkowski space E{LH is degenerate
thus Rad TQ" is nontrivial and attention to theorem 2.1 there exists an unique
transversal vector bundle of rank 1 over M. We calculate Rad (T'Q™) and ltr(TQ™)
in the following theorem.

Theorem 4.1. Let Q™ be n-dimensional lightlike cone of Minkowski space EZ]“H
defined in (2.11). Then radical distribution of Rad T,Q™ spaned by £ = Z?:l x;0;+
b0y 41, corresponding to &, unique section N of ltr(T'Q™) in theorem 2.1 is

1 n
(4.1) N = ﬁ( E z;0; — bOn11),
Jj=1

and screen distribution S(TQ™) is
(12) S(T.Q") = Span{W; : 1< <n—1}

where W; = 21101 — 21041 for 1 < j <n—q and W; = x;4101 + 1041 for
n—q+1<j3<n-1.

Proof. Considering (2.11), the tangent space of Q7 at i(z) spanned by following
vectors

01 ob T
7z, 8J+axj3 +1=0;+ b8+1 (1<j<n—gq+1)
0i ob Z; .

—H. — =0, — < — <7<
ge; =%~ gy, Ot =0 = O, (nmgH25jsn),

Set V; =b0; +2j0p41 for 1 <j<n—-qg+1 and V; = b9; — ;0,41 for
n—q+2<j <n, then

T,Q" =span{V; : 1 <j<n}.
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Let & = Zj;l £79; be a vector of Rad TQ7, then ¢ satisfy in the equations

(€ Vi), =0, 1<j<n,
n+1

() € 0n, b0; +2;0011)g =0, (1<j<n—q),
k=1
n+1

<Z§kakv baj 7xjan+l>q =0, (nf g+1<j<n-— 1)7
k=1

1<j<n.

If we choose ¢"*' =b then & =x;,1 <j <n and Rad T,y spanned by
g = Z?:l {Ejaj + b8n+1.
Set

1 .
(43) Wj:= 4 (@nVi—21Vin) = 250100 — 210541, 1<jsn—g,

1 .
(44) Wj L= E(xj+1V1+x1Vj+1):xj+131+x18j+17 n—qg+1<j<n—1,
and since {W1,...,W,_1} is linearly independent thus screen distribution of Qy is
(4.5) S(TQ") =span{W; : 1<j<n-—1}.

Let N = Z?:ll n'd; € ltr(TQP), be unique section of ltr(TQ}) in theorem 2.1.
Thus

n—q+1 ) n )
(19 SRS DO
=1 i=n—q+2
n_q+1 . n .
(4.7) Z zin' — Z ain’ ="t =1,
i=1 i=n—q+2
(4.8) ntei —nta =0.
From (4.6) we deduce that
(4.9) = |- Y ()2 (e=+lor—1).
i=1 i=n—q+2
By relation (4.8) we have
4.10 J+1 _ Tj+1 q
(4.10) U R

that if it replaces in (4.9) then

1
(4.11) gt = eb
T

Now if we replace (4.11) in (4.7) then

L (@i)? S @) !
mn+§ —n - E —n —&b"— =1,
‘ 1 . 1 T
i=1 i=n—q+1

(b* — eb®)nt = a1,
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x
thus e = —1, n! = —L seduce that

2b?
1 oI
. n+1 - _ i ek < i<
(4.12) n 50 1 =g 1Sism,
1 n

5. GEODESICS OF LIGHTLIKE CONE
In this section, we will show that the geodesics of lightlike cone with respect to
the both Euclidean and Minkowski metrics are same, thus Minkowski metric ( , ),
is geodesically equivalent [3] to Euclidean metric ( , ).

Lemma 5.1. Let EQ™ be the cone with Euclidean metric, then lightlike transversal
vector in (4.1) is normal vector of hypersurface EQ™.

Proof. In theorem 2.1 we prove that the tangent space of Qy be spanned by the
vectors V; = b0; + xj0n41 for 1 < j <n—qg+1and V; = b0; — 20,41 for
n—q+ 2 <j <n, furthermore

1 n
(N, V;) = <ﬁ(zma‘aj = bOn41), ;00 + b0;) = 0,
j=1

that ( , ) is Euclidean inner product of E"*1. O

The lemma 5.1 is valid for any lightlike hypersurface of Minkowski space E;‘“
(see [1], proposition 3.2), but we proved for special lightlike hypersurface Q7 in
different way by direct calculations.

Theorem 5.2. Let Qp be lightlike cone of Minkowski space E;‘“. Then with
respect to the induced metric of Eg”rl, the geodesics of lightlike cone Qy are same

to the geodesics of this cone with respect to the induced metric of Euclidean space
En+1.

Proof. Let o : I — Q™ be a curve in n-dimensional lightlike cone. From (2.9), we
have
(5.1) " =Vyad + B(d,o/)N.

If « be a geodesics of @™ then o' = B(d/,a’)N, and since in the Euclidean hyper-
surfaces the acceleration of a geodesic is in normal space of hypersurface, thus by
using of lemma 5.1, we have o : I — Q™ is also a geodesic of EQ".

(]

ACKNOWLEDGEMENT

The authors thank the University of Mohaghagh Ardabili for supporting this
research.



88

ALIREZA SEDAGHATDOOST AND NEMAT ABAZARI

REFERENCES

[1] A. Bejancu, A. Ferrdndez, P. Lucas A new viewpoint on geometry of a lightlike hypersurface

in a semi-EBulidean space, Saitama. Math. J., 16 (1998), 31-38.

[2] A. Bejancu, K. L. Duggal, Degenerate hypersurfaces of semi-Riemannian manifolds, Bull.

Inst Politehnie Iasi, 37(1991), 13-22.

| S. Chandrasekhar, The Mathematical Theory of Black Holes, Oxford University Press, 1992.
| K. L. Duggal, A. Bejancu, Lightlike Submanifolds of Semi-Riemannian Manifolds and Ap-

plications, Kluwer Academic,364 (1996).

[5] K. L. Duggal, B, Sahin, Differential Geometry of Lightlike Submanifolds, Birkhauser Vrlag,

Berlin, 2010.

| W. Kuhnel, Differential Geometry: Curves- Surfaces- Manifolds, AMS, 2nd Edition, 2005.
] R. Lépez, On differential geometry of curves and surfaces in Lorentzian-Minkowski space,

International Electronic Journal of Geometry. 7 (2014), 44-107.

[8] V. S. Matveev, Three-dimensional manifolds having metrics with the same geodesics, Topol-

ogy. 42 (2003), 1371-1395.

[9] B. O’Neill, Semi-Riemannian Geometry, Academic Press, NewYork ,1983.

DEPARTMENT OF MATHEMATICS, FACULTY OF BASIC SCIENCES, UNIVERSITY OF MOHAGHEGH

ARDABILI, ARDABIL 56199-11367, IRAN

E-mail address: alirezasedaghatdoost@gmail.com

DEPARTMENT OF MATHEMATICS, FACULTY OF BASIC SCIENCES, UNIVERSITY OF MOHAGHEGH

ARDABILI, ARDABIL 56199-11367, IRAN

E-mail address: nematabazari@gmail.com



> The 12t" Seminar on Geometry and Topology
7@ University of Tabriz, 1-2 Mordad 1402, July. 23-24, 2023

ON SYMMETRIES OF THE PSEUDO-RIEMANNIAN MANIFOLD
S xR

PARVANE ATASHPEYKAR AND ALI HAJI-BADALI

ABSTRACT. In this article, we studied the symmetries of the pseudo-Riemannian
manifold S2 x R. Specially, we perused the existence of Ricci and matter
collineations in this space.

Key words and phrases: Pseudo-Riemannian metric; Killing and affine vec-
tor field; Ricci and matter collineation.

1. INTRODUCTION

The study of symmetries in general relativity has long been considered due to
they are interesting both from the mathematical and the physical point of view
(see for example [6]). The symmetry is a one-parameter group of diffeomorphisms
of the pseudo-Riemannian manifold (M, g), which leaves a special mathematical or
physical quantity invariant. This statement is equivalent to the Lie derivative of
the geometry quantity under the vector field X vanishes, i.e., LxS = 0. If S has
geometrical or physical significance, then those special vector fields under which
S is invariant will also be of significance. Isometries, homotheties, and conformal
motions are well-known examples of symmetries. Recently, other types of symme-
tries including curvature collineations (S = R being the curvature tensor), Ricci
collineations (S = g being the Ricci tensor), and etc., have been studied. Some
examples may be found in [1, 2].

On the pseudo-Riemannian manifold (M, g) a matter collineation is a vector field

. T
X, which preserves the energy-momentum tensor & = ¢ — —g, where 7 shows the

scalar curvature. Since the Ricci tensor is constructed from the connection of the
metric tensor, Ricci collineations have geometrical importance. However, matter
collineations are more related to a physical viewpoint [3, 4]. These physical and
geometric concepts give a single meaning in a particular case, for example, when
the meter tensor has a zero scalar curvature.

In this article, we study symmetries of the pseudo-Riemannian manifold S? x
R. We present a complete classification of its Ricci and matter collineations.
Clearly, any Killing vector field (respectively, any affine vector field and curva-
ture collineation) is an affine vector field (respectively, any curvature and Ricci
collineation) but the inverse is always not true. Also, a homothetic vector field
(i.e., a vector field that holds in relation £xg = ng, where 7 is a real number) is a
Ricci collineation. Thus, we examine the existence of proper Ricci and curvature
collineations, which are not Killing and homothetic. Maple16© is used to check all
computations.

2010 Mathematics Subject Classification. 58D17, 53B30.
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2. THE PSEUDO-RIEMANNIAN MANIFOLD S? x R

We consider the local model for S? x R given by R? endowed with the pseudo-
Riemannian metric

1 2 2 2
(2.1) 9= m(dx +dy*) — dz=.

Then, the non-zero components of the Levi-Civita connection V of the pseudo-
Riemannian manifold S? x R are given by

2x 2y

Vo,0p = ———F—5-0; + — =0y,
. ) e (N h
2y 2x
Vo, 0y = —————5-0; — ———5——0,
0, Y%y (1+$2+y2) T (1+x2+y2) Yo
2z 2y
8 x 8 ’
Va (T+a22+92) "

AT T )
and the non-zero component of the curvature tensor R is

4
(1+224y2)2

T

(2.2) R(0y,0y)0y =

Also, the non-zero components of the Ricci tensor are p1; = pog = W.

3. SYMMETRIES OF S? x R

The classification of Killing and affine vector fields on the pseudo-Riemannian
manifold (S? x R, g) is as in the following theorem.
Theorem 3.1. Assume X = X0, + X209, + X309, be an arbitrary vector field and

Y be a smooth function on the pseudo-Riemannian manifold (S* x R, g). Then

(i) X is a Killing vector field if and only if

1
X! = 561(1 + 2% — y2) — (2c2w + c3)y,
X? = —co(1 — 22 + %) + (c1y + ¢3),
X3 = C4.

(ii) X is an affine, non-Killing vector field if and only if

Xl = —c1(1+ z? — yz) + (27 + ¢3)y,
1
X?% = 502(1 — 2%+ y2) — (2c1y + ¢c3)z,

X3 = 4z + cs.

In the above expressions, ¢; is an arbitrary real number, for any indices i.
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Proof. A straightforward computation displays that the Lie derivative of g is given
by

Lxg :ﬁ((l + 2% +9y2)0, X" — 22X — 2y X?)dwda
+ ﬁ(@x? + 0, X ")dzdy
- ﬁ((l + 227 + 2y + 222y + 2t + ") 0, X? — 40, X" )dxdz
* ﬁ“l + 2% +y7)8, X — 20X" — 2y X?)dydy
- W%W((l + 227 4 2y2 + 22%y% + 2t + 4109, X? — 40, X?)dyd>

— 20, X3%dzdz.

To obtain Killing vector fields, we put all the coefficients of the Lx g equal to zero
and solve the corresponding system of partial differential equations. The solutions
of this system give case ().
Affine vector fields are determined by solving the system of PDEs, obtained from
the vanishing of the coefficients of the £xV. This proves the case (i7).
O

Next, we will focus on symmetries of (S? xR, g) relative to curvature. The results
are reported in the following theorem.

Theorem 3.2. Assume X = X'0, + X209, + X320, be an arbitrary vector field on
the pseudo-Riemannian manifold (S* x R, g). Then

(i) X is a Ricci collineation if and only if X3 is arbitrary and
1
Xt = 501(1 + 22—y} — 2er+c3)y, X?=—ci(1 —2* +9y*) + (cry + c3)z.

(ii) X is a curvature collineation if and only if

1
X = Sl +a? =) + (2ea + o)y,

X? = —a1(1—2® +°) + (c1y + ea)a,
X° = f(2),
where f(z2) is an arbitrary smooth function on S? x R.

Proof. The Lie derivative of the Ricci tensor in the direction X is determined by

(Lxo0) = (1 + 22 + 920, X' — 22X — 2yX?)dadx

T+ a2+ 7P

8 8
T o5 . oNo X2 Xl - - Xl
i +y2)2(6x + 0y X ) dzdy + (ESCEerE (0.X")dzdz
8
taT et a? +y*)0, X* — 20X — 2yX?)dydy
8

2
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Now, we need to put the coefficients of the £ x o equivalent to zero and solve the cor-
responding system of partial differential equations to obtain the Ricci collineations.
The solutions to this system give case (i).

Next, we investigate curvature collineations, beginning from an arbitrary Ricci
collineation and apply the extra condition £LxR = 0. Thus,

1
X = 5cl(x2 — y2)az + (c1z + c2)y0y + X39,,

is also a curvature collineation if and only if

1 1
0, X = —0,X% =0
(1+224y2)2 (T+a22+9y2)27" ’
which gives the result case (ii). O

Now, we classify matter collineations on the pseudo-Riemannian manifold
(S? xR, g).

Theorem 3.3. Assume X = X'0, + X?0, + X330, be an arbitrary smooth vec-
tor field on the pseudo-Riemannian manifold (S* x R,g). Then, X is a matter
collineation if and only if X', X2 are arbitrary and X3 = ¢, where ¢ is a real
constant.

Proof. A straightforward computation displays that only the non-zero component
of the tensor field S is §(9,,0,) = —1. Now, we compute the Lie derivative of the
tensor field S. We have

LxS = —20, X dvdy — 20, X>dydz — 20, X>dzdz.

Requiring that LxS = 0 we attain the system of partial differential equations,
which solutions specify the matter collineations of (S x R, g). Thus, X is a matter
collineation if and only if X!, X? are arbitrary and X3 is a real constant and this
completes the proof. ([
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TAKAHASHI’'S THEOREM ON HYPERSURFACES OF
MINKOWSKI SPACES

FIROOZ PASHAIE AND LEILA SHAHBAZ

ABSTRACT. In this paper, we classify timelike hypersurfaces in Lorentz-Minkowski
space, z : M™ — L1 satisfying the condition Lz = Az +b, where Ly, is the
kth extension of Laplace operator (i.e. A), A is a constant matrix and b is a
constant vector. The condition Lyxz = Ax + b is a new version of a well-known
equation Az = dz for a real number d. As an extension of Takahashi’s theo-
rem we show that such a hypersurface has to be k-minimal or an open piece
of ST (c), ST*(c) x R*™™ or S™(c) x L™~ for some ¢ >0 and 1 < m < n.

Key words and phrases: Timelike hypersurface; Higher order mean curva-
ture; Lorentz-Minkowski space.

1. INTRODUCTION

In 1966, Takahashi [5], determined the n-dimensional submanifolds isometri-
cally immersed into the Euclidean space R™™™ whose position vector field is an
eigenvector of the Laplace operator A with the same eigenvalue. In particular,
by Takahashi Theorem, an immersed hypersurface ¢ : M™ — R™T! satisfies the
condition Ay = Ay for a real A if and only if either A = 0 and M is minimal in

R"*! or A > 0 and M is an open subset of the hypersphere of radius \/f centered

at the origin of R"*!. Many people generalized this result in different directions.
In 1990, Garay [4], studied hypersurfaces ¢ : M™ — R"*! satisfying the extended
condition Aty = Dy where D is a diagonal matrix, and he proved that such hyper-
surfaces are minimal hypersurface and open pieces of either round hyperspheres or
generalized right spherical cylinders. Dillen et al.[3] studied surfaces in R whose
position vector satisfies an extended condition Ay = Ay + b where A € R3*3 is
a constant matrix, b € R3 is a constant vector. He proved that such surfaces are
minimal surfaces and open pieces of spheres and circular cylinders in R3. Alias
et al.[2] considered hypersurfaces in space forms whose position vector field satisfy
the general condition Liy = Ay + b, for a fixed integer 0 < k < n — 1, a matrix
A € RHDx(+) and a vector b € R™*!. He and N. Giirbiiz [1] classified hyper-
surfaces in the Euclidean space R™*! whose position vector field satisfy the general
condition Ly = Ay + b.

Based on this background, we consider the timelike hypersurfaces in the Lorentz-
Minkowski space whose position vector field satisfies Lyy = Ay + b for a matrix A
and a vector b. It is well known that for a Lorentzian hypersurface M, its shape
operator S is not necessarily diagonalizable. In spite of this difficulty, we classify
such hypersurfaces.

2010 Mathematics Subject Classification. 53A10, 53B35, 53C15 .
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2. PRELIMINARIES

Now we remember some notations and give the main definitions. The m-dimensional
pseudo-Euclidean space Ry of index ¢, stands for the vector space R™ with the
scalar product < z,y >:= —X%  x,y; + X542y, where x = (x1,...,2,) and
Y= (Y1, YUn)-

For r # 0, the non-flat space form of curvature r is

1
nt+le 1y n+2 _ =
M+ () = Sy (\/;)—{Z/GR(; | <y,y>= r}’ (r>0),

a B . 1
Hg“(\/_ir) ={ye quﬂ <y, y>= ;}, (r <0).

For the hypersurface in the Euclidean space the shape operator S, associated to a
chosen (local) normal vector field n on M, is diagonalizable, but it is not necessarily
true For the timelike hypersurface in the Minkowski space-time. In the special

case that S is diagonalizable with the eigenvalue functions k1, ..., Kk, on M, using
55 = Zl<i1<---<ij<n Ki, ---Ki;, the jth mean curvature of M is defined by
(7)H; = (—€)7s;, where e := — < n,n >.

Definition 2.1. The Newton transformations P; : x(M) — x(M), is defined by
Py=1,Pj=(—€fsjI+eSoP;_1(j=1,...,n), (I =Idyu).
When S is diagonalizable, the Newton transformation P; is self-adjoint and
diagonalizable on M, and commutes with S.

We generalize the notions of H; and P; to timelike hypersurfaces in the Minkowski
space.

Proposition 2.2. Let # : M™ — L"*! ( where n > 2) be a connected timelike
hypersurface isometrically immersed into the Minkowski space and Py be the kth
Newton transformation. If at a point p € M, Hi(p) = 0 and Hy11(p) # 0, then
Py is definite at p.

Definition 2.3. The linearized operator of the (k + 1)th mean curvature of M,
Ly : C®(M) — C°°(M) is defined by the formula Ly (f) := tr(Py o V2f), where,

< V2f(X),Y >=< Vxgrad(f),Y >,
for every X,Y € x(M).

Throughout the paper, we study on every Lorentzian hypersurface of L"*!,
defined by an isometric immersion x : M}* — L"!. The symbols V and V stand
for the Levi-Civita connection on M7 and L"*!, respectively. For every tangent
vector fields X and Y on M, the Gauss formula is given by

VxY =VxY+ < SX,Y >n,
for every X,Y € x(M). For each non-zero vector X € L"™! the real value
< X, X > may be a negative, zero or positive number and then, the vector X is
said to be time-like, light-like or space-like, respectively.
Definition 2.4. For a n-dimensional Lorentzian vector space Vi*, a basis B :=
{e1,...,e,} is said to be orthonormal if it satisfies < e;,e; >= ¢;0] for i,j =
1,...,n, where e = =1 and ¢; = 1 for i = 2,...,n. As usual, §] stands for the
Kronecker delta. B is called pseudo-orthonormal if it satisfies

<ep,ep >=<eg,ea >=0, <ep, e >=—1,
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and < e;,€; >=5f,fori:l,...,nandj:3,...,n.

As well-known, the shape operator A of the Lorentzian hypersurface M7{" in
L"*1 as a self-adjoint linear map on the tangent bundle of M}, locally can be
put into one of four possible canonical matrix forms, usually denoted by I, II,
IIT and IV. Where, in cases I and IV, with respect to an orthonormal basis of
the tangent space of M{*, the matrix representation of the induced metric on M7
is G1 = diag,[—1,1,...,1] and the shape operator of M{* can be put into ma-
trix forms By = diag[A1,...,\,] and By = diag[[ Ao ],nl,...,nn_g], (where
A # 0), respectively. For cases II and II1, using a pseudo-orthonormal basis of
the tangent space of M7, the induced metric on which has matrix form G =

diag,[[ ¢ § 1,1,...,1] and the shape operator of M}* can be put into matrix forms
0

By =diagn[[ § 2 ], A\,..-,An_2] and B3 = diagn[{ _81 s fli },/\1, ooy Ap—3], TE-
spectively. In case IV, the matrix B, has two conjugate complex eigenvalues x+il,
but in other cases the eigenvalues of the shape operator are real numbers.

Remark 2.5. In two cases IT and I11, one can substitute the pseudo-orthonormal

basis B := {ej,ea,...,e,} by a new orthonormal basis B := {€1,€a2,e3,...,e,}

where €] := 5(61 +e9) and €3 := 5(61 —eg). Therefore, we obtain new matrices By

and Bs (instead of By and Bs, respectively) as By = diagn| “l% . % PR POV T WY
2 2
~ K 0 %
and Bs = diag,[| o =2 | Ay, .o, A\p—g]. After this changes, to unify

the notations we denote the orthonormal basis by B in all cases.

3. MAIN RESULTS

Theorem 3.1 ([1]). Let x : M™ — R™*! be an orientable hypersurface immersed
into the Fuclidean space. Then, x satisfies Lyx = Ax+b, for an integer 0 < k < n,
a matriz A € ROTVX0HD gnd o vector b € R™, if and only if M is one of the
following hypersurfaces.

(i) a hypersurface with zero (k + 1)th mean curvature,

(ii) an open piece of S™(r),

(i4i) an open piece of S™(c) x R*™™ with k+1<m <n—1.

Theorem 3.2. Let z : M} — ]\_4{”’1 be an isometric immersion satisfying the
condition Az = Az + b. Then its mean curvature is constant.

Theorem 3.2 gives an key idea for the the following one.

Theorem 3.3. The only non k-minimal Lorentzian hypersurfaces in the Lorentz-
Minkowski space-time, whose position vector field satisfies Lyx = Ax + b, are the
isoparametric hypersurfaces.

Similarly, we can prove the following theorem.

Theorem 3.4. If a non k-minimal Lorentzian hypersurfaces in the Lorentz-Minkowski
space-time satisfies the condition Lyx = Ax 4 b, Then, its shape operator is diago-
nal.

Theorem 3.5. Let z : M7 — L"*! be an orientable hypersurface immersed into
the Lorentz-Minkowski space-time. Then, x satisfies (0 x = Az + b, for an integer
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0 < k < n, a matrix A € R®+D>x(+1D) and a vector b € R+, if and only if M is
one of the following hypersurfaces.

(i) a hypersurface with zero scalar curvature,

(ii) St (c), ¢ > 0;

(ii) ST*(c) x R™™™, ¢ >0, and 1 < m < n;

(iii) S™(¢) x RT™™, ¢>0,and 1 < m < n.
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ON STEIN MANIFOLDS AND BIHARMONIC REAL
HYPERSURFACES

FIROOZ PASHAIE AND LEILA SHAHBAZ

ABSTRACT. In this paper, we consider real hypersurfaces of Stein manifolds.
A Stein manifold (M, J, g) is a complex manifold M with a complex structure
J, a Kahler metric g and a fundamental form p = i99p, where p : M — R is
a smooth strictly plurisubharmonic exhaustion. We study the biharmonicity
condition on the submanifolds of Stein manifolds emphasizing on real hyper-
surfaces.

Key words and phrases: Plurisubharmonic;symplectic form; Stein manifold.

1. INTRODUCTION

A submanifold M* of a Riemannian manifold (M, g) (where 1 < k < n) de-
fined by an isometric immersion x : M* — M" is called harmonic if it satisfies
the condition 7(x) = 0, where the tension operator 7 is the trace of V(dx) (i.e.
7(x) := tr(Vdx)). Here, V denotes the Levi-Civita connection on M*. As a
routine extension, M* is said to be biharmonic if it satisfies the Euler-Lagrange
condition 73(x) = 0. The bitension operator 72 is defined by

To(x) = A7(x) — tr(R(dx, 7(x))dx),
where, A and R stand for the Laplace operator on M* and the curvature tensor of
M™, respectively, with the following rules.
AV = tr(V?V),
R(X,Y) = [?X,vy] - v[X,Y]v
for every tangent vector fields V on M* and X and Y on M”. The notation V

stands for the Levi-Civita connection on M"™. In the compact case, every harmonic
submanifold x : M* — M™ plays the role of a critical point of the energy functional

() = [ i,

[1] and similarly, a biharmonic map has the role of a critical point of the map e
(namely, the functionl of bienergy) defined by

The variational problem associated to e, is related to the tensor of stress-energy.
In 1986, Jiang [3] has studied the formulae of the first and second variations of es,
which are used to define the biharmonic maps.
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It is well-known that every noncompact complete Riemannian manifold with pos-
itive sectional curvature is diffeomorphic to an Euclidean space. We note that such
a manifold has a strictly convex exhaustion function. In complex case, every com-
plex manifold which admits a strictly plurisubharmonic smooth exhaustion function
is a Stein manifold. The class of Stein manifolds under the name of holomorphic
complete manifolds has been firstly introduced (in 1951) by Karl Stein. The aim
of this paper is to study the biharmonic real hypersurfaces of Stein manifolds.

2. PRELIMINARIES

Here, some prerequisites are recalled from [2, 1, 4]. An almost complex manifold
is a smooth real manifold M of real dimension 2n with an tangent bundle auto-
morphism J : TM — TM satisfying J? = —I. When J satisfies the well-known
Nijenhuis identity N = 0, it is called integrable and then, (M, J) is called a complex
manifold. Remember that

N(X,Y):=[JX,JY] - [X,Y] - J[X,JY] - JJX,Y],

for all X,Y € TM.

By definition, a Kdhler manifold (M,.J,g) is a complex manifold M* with a
Hermitian metric F = o — iv on tangent bundle such v is a closed 2-form (i.e.
dv = 0). The pair (v, J) is said to be compatible if v(., J.) is a Riemannian metric.
So, on each almost complex submanifold M of M there is a symplectic form induced
by v which is compatible with J|p;. Remember that, each complex submanifold
of a Kahler manifold is also a Kahler manifold. On any submanifold M of the
complex manifold M, there are some auxiliary operators as

é:TM —TM, +:TM — NM, 7:NM—TM, 7:NM — NM,

defined by X = ¢X +¢X and JZ = 77 + nZ for every X € TM and Z € NM.
Since v(JX,Y) = —v(X,JY) for all X,Y € T M, the mentioned operators satisfy
the following equalities

P*X + 79X = —X, PZ+9iZ =7,
(2.1) $TZ +FZ =0, PpX +ijpX =0,
g(1/~JX7 Z)= —g(X,f'Z).
Moreover, ¢ and 7 are skew-symmetric.
In the rest, we discuss on a particular class of complex manifolds, namely, Stein

manifolds. Let (M™,J) is a complex manifold and K C M" is compact. The
holomorphically convex hull of K is

he(K) = { €M™ | Vo € OM™), [6(2)] < supwems(w)}.

Here, O(M™) stands for the set of holomorphic functions on M™. Now, (M",J) is
said to be holomorphically convex if there is no compact K C M" with non-compact
he(K).

Definition 2.1. A holomorphically convex complex manifold satisfying two fol-
lowing conditions is called a Stein manifold:

(1) Separation: For each distinct points z1, 29 € M there is a ¢ € O(M") such
that ¢(z1) # ¢(22),
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(2) Local coordinates: For every point z € M™ | there exist functions
1, .., 0K € O(M) whose differentials are C-linearly independent at z.

Every noncompact Riemann surface and the Cartesian product of two Stein man-
ifolds are Stein manifolds. In a Stein manifold M, the closed complex submanifolds
and the subsets of the form {z € M |¢(z) # 0} for some nonconstant ¢ € O(M) are
Stein manifolds. Especially, the open subsets of C and the convex domains in C™
are Stein manifolds. But, compact complex manifolds aren’t Stein.

Definition 2.2. A holomorphy domain is a nonempty open subset U C C™ such
that there is no nonempty open subsets V. C U and W C C" satisfying the following
conditions.

(1) W is connected and W C U dose not occurs,
(2) For every ¢ € O(U), there is a function ¢ € O(W) such that ¢|v = ¢|v.

In fact, a holomorphy domain is an open set such that there are some ¢ € O(U)
without any holomorphic extension to a bigger set. Every holomorphy domain in
C™ is a Stein manifold. For every Stein manifold M"”, there exists a holomorphic
embedding as ¥ : M — C2"*+1, In the following, we present some other statements
of the holomorphy domain.

First, we recall from the theory of comglex functions that, a C2-function f on
o°f
020z

an open set D C C is harmonic if Af =4 = 0 on D. In this context, there are

several related definitions as follow.

Definition 2.3. (1) A real-valued C3-function f on an open set D C C is said to
be subharmonic if for any domain U with U C D and any continuous real function
h on U, which is harmonic on U and satisfies h < f on U, we have h < f on U.
(2) A C%function f on an open set D C C" is said to be plurisubharmonic if it
satisfies

S~ I, L

=t 0z;0%,

for every z € D and w € C™. Moreover, if the mentioned hermitian form is positive
definite, f is called strictly plurisubharmonic. In the general case, a real function
f on D C C" is plurisubharmonic if it is upper semicontinuous and for every
z,w € C™, the function h(s) := f(z + sw) is subharmonic.

(3) An open set D C C™ is called pseudoconver if there exists a plurisubharmonic
function f € C*(D) such that D, := {z € D : f(2) < r} is relatively compact in D
for every r € R.

Recently, A. Tran has proved that if a complex manifold M admits a strictly
plurisubharmonic function f € C°°(M™) such that for every r € R, M,. := {z € M :
f(z) <r} is relatively compact in M™, then it is a Stein manifold.

In a complex manifold M, every sequence {K };";1 of compact subsets satisfying
U;Kj =M and K; C int(K;11) (for all j) is called a compact exhaustion.

3. MAIN RESULTS

The following theorem formulates the biharmonicity of an arbitrary submanifold
of a Stein manifold.
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Theorem 3.1. Let M™ be a biharmonic submanifold of a Stein manifold (M™, J)
and B, A, H be the second fundamental form, the shape operator and the mean
curvature vector field of M, respectively, and R is the curvature tensor of (M",.J).
Then, M satisfies the following equalities.

tr(VAr) + tr(Avam() = (D R(H, ex)er} ',

(3.1) AYH + trB(Au(),) = {)_ R(H, ex)ex},
p

=

with respect to a chosen geodesic frame field {ex}7*; on a neighborhood of any
point p e M™,

It is a well known fact that any complex submanifold of a Stein manifold is
necessarily minimal. Hence, we considering only the biharmonic real submanifolds.

Let now x : M — M7 be the embedding of a real submanifold M of dimension
m in M7?. Then the bitension tensor becomes

(3.2) T2(x) = —m{AH — icmH + ZCJ(JH)T},

where H denotes the mean curvature vector field, A is the rough Laplacian, and T
stands for the tangent component to M™.
The next two results are on real hypersurfaces of a Stein manifold.

Theorem 3.2. Let M be a proper biharmonic real hypersurface with constant
mean curvature in a Stein manifold (M7, .J). Then its second fundamental form B
satisfies the equality |B|* = 2tc.

Theorem 3.3. Let M™ be a biharmonic real submanifold of a Stein manifold
(M2, J) and B, A and H be the second fundamental form, the shape operator and
the mean curvature vector field of M, respectively. If JH is assumed to be normal
to M, then, M satisfies the following equalities.

(i) —ATH +tr(B(-, Au-)) — icmH =0,
(i) m grad(|H|?) + 4tr(Ay1u(-)) = 0.

REFERENCES

[1] J. Eells and J. H. Sampson, Harmonic mappings of Riemannian manifolds, Amer. J. Math.,
86 (1964), 109-160.

[2] J. Eells, J. C. Wood, Restrictions on harmonic maps of surfaces, Topology, 15 (1976), 263-266.

[3] G.Y. Jiang, 2-harmonic maps and their first and second variational formulas, Chinese Ann.
Math. Ser. A, 7(4) (1986), 389-402.

[4] B. O’Neill, Semi-Riemannian Geometry with Applicatins to Relativity, Academic Press Inc,
1983.

1_DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MARAGHEH, P.O.Box 55181-83111, MARAGHEH,
IRAN
E-mail address: f_pashaie@maragheh.ac.ir

2_DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MARAGHEH, P.O.BOX 55181-83111, MARAGHEH,
IRAN
E-mail address: leilashahbaz@maragheh.ac.ir



z2» The 12tP Seminar on Geometry and Topology
University of Tabriz, 1-2 Mordad 1402, July. 23-24, 2023

ON WEAKLY BIHARMONIC HYPERSURFACES IN
LORENTZIAN 5-SPACE FORMS

FIROOZ PASHAIE AND LEILA SHAHBAZ

ABSTRACT. One of interesting subjects in differential geometry is the bihar-
monic Lorentzian hypersurfaces of Lorentz 5-space form. A Lorentzian hyper-
surface 1 : M} — M (c) is said to be C-biharmonic if it satisfies the extended
biharmonicity condition C2¢ = 0. C is the well-known Cheng-Yau opera-
tor. We study weakly C-biharmonic Lorentzian hypersurfaces of M?(c) with
at most two distinct principal curvatures and constant mean curvature.

Key words and phrases: 1-minimal; Biharmonic; de Sitter space.

1. INTRODUCTION

A well-known conjecture of Bang-Yen Chen states that each biharmonic sub-
manifold of an Euclidean space is minimal. Chen himself has verified his conjecture
on biharmonic surfaces in Euclidean 3-space. Also, it has been affirmed on hyper-
surfaces of Euclidean 4-space E* in [3].

In [2], the conjecture has been confirmed on hypersurfaces with at most two
distinct principal curvatures in n-dimensional Euclidean space E". Euclidean cases
have been studied in [1] and more others. Biharmonicity condition is defined based
on the Laplace operator A. Replacing A by the Cheng-Yau map C, we study
the weakly C-biharmonic Lorentzian hypersurfaces in the Lorentz 5-space forms
with constant mean curvature. The operator C denoting the linear part of the
first variation of the second mean curvature function is an extension of the Laplace
operator which stands for the linear part of the first variation of the ordinary mean
curvature function.

2. PRELIMINARIES

The notations and formulae are recalled from [4, 5]. The semi-Euclidean m-space
¢ of index £ = 1,2 is equipped with the product defined by

3 m
(v,w) = — Zviwz‘ + Z VWi,
i=1 i=6+1

for each vectors v = (v1,...,0y,) and w = (w1, ..., Wwy,,) in E™. In this talk, we deal
with the 5-dimensional Lorentz space forms with the following common notation

S%(r) (if c =1/r?)

M3(c) ={ L5 =E} (if c=0)
H} (—r)  (if c=—1/r?),
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where, for r > 0, S}(r) = {v € E8|(v,v) = r?} denotes the 5-pseudosphere of
radius 7 and curvature 1/72, and H3(—r) = {v € E§|(v,v) = —r2 v; > 0} denotes
the pseudo-hyperbolic 5-space of radius —r and curvature —1/72. In the canonical
cases ¢ = £1, we get the de Sitter 5-space dS® := S7(1) and anti de Sitter 5-space
AdS® = H3(-1).

Let Mj be a Lorentzian (timelike) hypersurface of a canonical Lorentz 5-space
form (i.e. M3(c) for ¢ = 0,£1) defined by an isometric immersion x : M} — M5 (c).
The set of all smooth tangent vector fields on M} is denoted by x(M{). The symbols
V and V denote the Levi-Civita connections on M and M3 (c), respectively. Also,
V? denotes the Levi-Civita connection on ES (for v = 1,2). The Weingarten
formula on M} is VyW = VyW + (SV, W)n, for each V,W € x(M7), where S is
the shape operator associated to a unit normal vector field n on Mj. Furthermore,
in the case |c| = 1, M}(c) is a 5-hyperquadric with the unit normal vector field x
and the Gauss formula VW = VW — ¢(V, W)x.

Associated to a basis chosen on M3, the second fundamental form (shape oper-
ator) S has four different matrix forms [4, 5]. When the metric on M has diagonal
form G := diag[—1, 1,1, 1], the shape operator S is of form D; = diag[A1, A2, Az, Ad]
or

D, :diag[[ A } Aas ], (Az % 0).

In the case of non-diagonal metric Go = diag[[ [1) (1) },1, 1] the shape operator is

of form
A1+ 2 1 M 0 4
D; = diag| L2 2, |, A, A3] or Dy =diag[| o PR I VIR
5 N g g

When S = Dy, we say that M is a Dy-hypersurface.

Definition 2.1. We define the ordered quadruple {x1; k2; k3; k4 } of principal cur-
vatures as follows:

{>\17)\27)‘3a)\4} (lf S = Dl)

e ) A Fidg A — g A Ay (if S =Dy)
{KlaI{Qaﬁ3aI€4} - {)\17)\1’A2,A3} (lf S Dg)
{A1; A5 215 A} (if S =1D,).

(—

The characteristic polynomial of S on M7 is of the form Q(t) = Zj 0
where, sg :=1, s; 1= Zl§j1<...<ji§4 Kj, ...k, fori=1,2,3 4.

Definition 2.2. The jth mean curvature H; of M is defined by equation
(?)Hj =s; (for j =1,2,3,4). In special case, H; is the ordinary mean curvature
H. The second mean curvature Hy and the normalized scalar curvature R satisfy
the equality Hy :=n(n —1)(1 — R). If H; is identically null, then M is said to be

(j — 1)-minimal.

Definition 2.3. (i) A D;-hypersurface M{ is said to be isoparametric if all of it’s
principal curvatures are constant.

(ii) For k = 2,3, 4, a Dy-hypersurface M; is isoparametric if the coefficients in the
minimal polynomial of its shape operator are constant.

Remark 2.4. Here we recall Theorem 4.10 from [4], which assures us that there is
no isoparametric timelike hypersurface of M3 (¢) with complex principal curvatures.
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Definition 2.5. The jth Newton transformation N; : x(M{) — x (M) is induc-
tively defined by

No=1I, Nj=s;1—S50N;_q, (j=1,2,3,4),
where, I is the identity map.
Now, we introduce a notation as
fisk = > K kg, (1=1,2,3,4; 1<k <3).
1<y < <jin <difi#i

Definition 2.6. The Cheng-Yau operator on M; | is defined by the formula
C(f) = tr(N; o V2f) for every f € C®(M}), where (V2f(V),W) = (VyVf, W)
for every V,W € x(M).

Remark 2.7. In the special case, C(f) has the explicit expression

4
C(f) = qu,l(eieif —Veeif),
i=1
with respect to an orthonormal basis {e1,...,e4} of tangent space on a (local)
coordinate system of hypersurface M; in M3(c). Where, e, = —1 and ¢; = 1 for

i=234.

For a Lorentzian hypersurface x : M;{ — M3(c), with a chosen (local) unit
normal vector field n, for an arbitrary vector a € L° we use the decomposition
a=a’ +a" where a” € TM is the tangential component of a, a¥ 1 T'M, and we
have the following formulae.

Cx =12Hon — 12¢cH X,
C?x =24 (NyVHy — eN\VH, — 9H,V Hy)
+12[CH;y — 12H,(2H Hy — H3) — 12cH,1 Hy|n
— 12¢[CH; — 12(H2 + cH?)]x.
Definition 2.8. A hypersurface x : M — Mj3(c) is said to be C-biharmonic if it

satisfies the condition C%x = 0. It is said to be weakly C-biharmonic if it satisfies
the following conditions

(1) NQVHQ — CN1VH1 = QHQVHQ

2.1
( ) (11) CH2 = 12H2(2H1H2 - Hg) + 120H1H2.

3. MAIN RESULTS

First, we consider the Lorentzian hypersurfaces of type D; in M3 (c) which have
diagonal shape operator.

Lemma 3.1. On every weakly C-biharmonic hypersurface of M3 (c) with real prin-
cipal curvatures of constant multiplicities, the distribution of the space of prin-
cipal directions is completely integrable. In addition, if a principal curvature is
of multiplicity greater than one, then its multiplicity is constant on each integral
submanifold of the corresponding distribution.

Theorem 3.2. Every weakly C-biharmonic D;-hypersurface of M3 (c) with one
principal curvature of multiplicity 4 is 1-minimal.
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Proof. Let x : M — M3 (c) be such a hypersurface with a principal curvature \ of
multiplicity 4. Since Hy = A2, it is enough to show that H, is constant on the open
set U := {p € M} : VHZ(p) # 0}. With respect to the basis {e;| i = 1,2,3,4} as a
local orthonormal frame of principal directions of the shape operator S on U such
that for i = 1,2, 3,4 we have Se; = \e; and

(31) Hi2 = 3)\2, H2 = )\2.

From condition (2.1)(i) and the polar decomposition VHy = Z?Zl €,(VHa,e;)e;,
we get
€(VHz, e;)(pi2 —9Hs) =0,

on U for i = 1,2,3,4. Hence, if for some i we have < VHs,e; >7# 0 on U, then
we get ;2 = 9Hy which, using equalities (3.1), gives A = 0 and then H> = 0 on
U, which is a contradiction. Hence U is empty and Hs is constant on M. So, A is
constant.

Now, we show that Hy = 0. Having assumed that (locally) Ha # 0, by (2.1)(ii),
we obtain C(HQ) = 12H2(2H1H2 — Hg) = 0, which gives 2H1H2 — H3 = O, then,
23 — A3 = 0. Hence, again we get A = 0 and then Hy = 0, which is a contradiction.
So HQ =0. [l

Theorem 3.3. Every weakly C-biharmonic D;-hypersurface of M3 (c) with exactly
two distinct principal curvatures of multiplicities 3 and 1 and constant mean cur-
vature is 1-minimal.

Theorem 3.4. Every weakly C-biconservative D;-hypersurface of M3 (c) with ex-
actly two distinct principal curvatures of multiplicities 2 and constant mean curva-
ture is 1-minimal.

Now, we consider the Lorentzian hypersurfaces of type Do, D3 and Dy in M3 (c)
which have non-diagonal shape operator. The method of proofs are similar to the
proof of Theorem 3.2.

Theorem 3.5. Let ¢ : M} — M3 (c) be a weakly C-biharmonic Dy-hypersurface.
If Mi has constant mean curvature and at most two distinct principal curvatures,
then it is 1-minimal.

Theorem 3.6. Every weakly C-biharmonic Ds-hypersurface of MS(c) with con-
stant mean curvature and at most two distinct principal curvatures is 1-minimal.

Theorem 3.7. Let ¢ : M} — M3(c) be a weakly C-biharmonic D,-hypersurface
with constant mean curvature and at most two distinct principal curvatures. Then
it is 1-minimal.
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2-CONFORMAL VECTOR FIELDS IN SOL SPACE

GHODRATALLAH FASIHI-RAMANDI AND FARZANEH SHAMKHALI

ABSTRACT. In this paper, we introduce the concept of 2-conformal vector fields
which are generalization of Killing and conformal vector fields on Reimannian
and semi-Reimannain manifolds. Then, we characterize proper 2-conformal
vector fields in Sol space.

Key words and phrases: Sol space; 2-conformal vector field; Reimannain
geometry.

1. INTRODUCTION AND PRELIMINARIES
The model space Sol in the sense of W. Thurston [2] is the Cartesian space
R3(z,y, z) equipped with a homogeneous metric (see [1])
g = e**da? + e Fdy? + d2*.
The Sol space is a Lie group G with respect to multiplication law
(z,y,2) * (a,b,c) = (x + e *a,y + €°b, 2z + ¢).
The left-invariant orthonormal frame field, i.e. the basis of the Sol space, is given
by
er=¢e "0y, ey =¢€0y, e3=0,.

The Levi-Civita connection V of Sol space is given by

Vee1=—e3, Veep =0, Veeg=e,

Ve,e1 =0, Veea=e3, Ve,e3=—eg,

ve3€1 = 0, Veseg = 0, Ve363 =0.
The non-vanishing components of the Reimannian curvature tensor are

Ri12 =1, Riziz =—1, Roges =—1
Then the Ricci tensor is given by Ri; = Ros = 0 and R33 = —2. Hence the scalar
curvature is —2.
2-conformal field. A vector field Z € X (M) is called 2-conformal vector field on
a Riemannian manifold (M, g) if

Lszg = 20’g7

for some smooth function o on M. Where, L is the Lie derivative operator on M.
If o is identically zero, the vector field Z is said to be 2-conformal vector field.
Also, when o be a constant the 2-conformal vector field Z is called homothetic and
otherwise it said to be non-homothetic field. Obviously, every conformal vector

field is 2-conformal vector field, hence, proper 2-conformal field is defined as a
2-conformal field which is not a conformal vector field.
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Theorem 1.1. Let Z € X (M) be a 2-conformal vector field on a Riemannian
manifold (M, g). Then

9(VzVXZ -V iz x1Z,Y) + 9(X,VzVyZ — V2 v1Z) +29(VxZ,VyZ) = 209(X,Y),
for any vector filed X, Y € X(M). Here V stands for the Levi-Civita connection of
g.
The following result is quit direct and helpful in the sequel.
Corollary 1.2. A vector field Z € X (M) is 2-conformal if and only if
Rm(Z,X,7,X)=9(VxZ,VxZ)+ g(VxVzZ,X)—09(Z,X),

for any vector field X € X(M), where Rm denotes the (0,4)-type Reimannian
curvature tensor of g.

The symmetry of the above formula, shows that Z is 2-conformal vector field if
and only if

9(VXxZ,VxZ)+g(VzVxZ —Vz x1Z, X) = 09(Z, X).
2. MAIN RESULTS

In this section we use the Corollary (1.2) to explore 2-conformal vector fields
(further called 2-CVF) in Sol space.
Let assume that the 2-conformal vector field Z is given by

Z = a(z,y,2)er + b(z,y, 2)es + c(z,y, 2)es.
After long but straightforward computation the following system of PDE’s are
implied
(2c2 + cc. + ayby + azyb) + e *(azc + 3azc+ agzzc)

(2.1) + €*bey + €27(2a2 + aag, + b2 + 2) + 0a =0,
(2¢® — cc, + ayby + byya) + e *(b.cy + 3bye — by.c)
(2.2) — e %acy + €% (2a;, + bbyy + 2b, + ¢3) + ob =0,
((a—a.)®+ (b+b.)* +2c2 +ccz.) + e (bey + baey + bey.)
(2.3) + e *(—acy +a.cp +acg,) +oc=0

Unfortunately, the 2-CVF is complicated nonlinear second order system of PDE’s.
Although we can’t find exact solutions, we can determine 2-conformal vector fields
that are generalization of fields d, and 0,.

Let assume that Z = a(z,y, 2)ey, i.e b = ¢ = 0. Then the 2-CVF system became

(24) 6722(2ai + aamx) +oa =0, 6220’5 =0, (CL - a2)2 =0.

Form the second and the third equation of above, it follows a(z, z) = f(x)e?, and
from the first equation we get the differential equation
202+ ff" + o f =0,

which shows that o = g(x)e ?*. Hence we have

2%+ ff"+g(x)f =0.
Obviously, this ordinary differential equation has not elementary function solution
for f = f(x) in general. But, if g(z) = « for some non-zero constant « (to make
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sure our field in not 2-Killing), we can solve the equation analytically. In this case,
we have

f(x)201W+02, Cl,CQER, c1 > 0.
Particulary for x = 0, ¢; = 1 and ¢ = 0, we get the field X = e®e; = 0.

Quit analogously, assuming that Z = b(x,y, z)ea, i.e. a
system became

¢ = 0, the 2-CVF

€22 =0, e P2 +bby, =0, (b+b.)°>=0.

The solution of this system is a function b(y,2) = c3v/e®¥ + ¢4, and hence the
2-conformal vector field is Z = (c3ve™ + c4)e”*eq. Particulary for y = 0,¢3 = 1
and ¢4 = 0 we get the field Xy = e %ey = 0.

If we assume that Z = c(x,y,2)es, i.e. a = b = 0, then the 2-CVF system
became

2¢% + cc, + e_QZci =0, 2% —cc,+ 62205 =0, 203 +cc,, +ac=0.

But one can check that this system has no solution except ¢ = 0. Therefore, there
is no 2-conformal vector field of form Z = ¢(x, y, z)es.
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IS DARK MATTER AN EFFECT OF LORENTZIAN METRIC
INDEX?

GHODRATALLAH FASIHI-RAMANDI AND FARZANEH SHAMKHALI

ABSTRACT. In this paper, we consider the Ricci soliton equation as a gener-
alization of Einstein manifolds. If the potential vector field of our soliton be
semi-Killing field, then deduce that it is related to the notion of so-called dark
matter in general theory of relativity. To have a non-trivial such soliton, the
metric of underlying manifold have to be Lorentzain. Hence, the dark matter
and dark energy can be an effect of Lorentzian metric index.

Key words and phrases: Ricci Soliton; General Relativity; Dark matter.

1. INTRODUCTION

Ricci solitons are the natural generalization of Einstein metrics. A (semi-)Riemannian
manifold (M, g) is said to be a Ricci soliton if there exists a vector field X € X' (M)
and a real scalar A, such that

1
iﬁxg + Ric = Ag,

where Lx and Ric denote the Lie derivative in the direction of X, and the Ricci
tensor, respectively.

It is called shrinking when A > 0, steady when A = 0, and expanding when A < 0.
If X = Vf the equation can also be written as

Ric + Hessf = Mg,

and is called a gradient (Ricci) soliton. See [2, 3, 5] for background on Ricci solitons
and their connection to the Ricci flow. We remark here that on a compact manifold
Ricci solitons are always gradient solitons [12] and that every non-compact shrinking

soliton is a gradient soliton [11].

During the last two decades, the geometry of Ricci solitons has been the focus of
attention of many researchers. There are two aspects of the study of Ricci solitons,
one looking at the influence on the topology by Ricci soliton (see e.g. [1, 4, 8, 10])
and the other looking at its influence on its geometry (see e.g. [7, 6, 9]). In this
paper we are interested in the geometry of Ricci solitons arise frome a new geometric
vector fields (called semi-Killing field) on semi-Riemannain manifolds. Then, the
physical interpretation of our new structure will be presented.

Definition 1.1. A wvector field X on a semi-Riemannian manifold (M, g) is said
to be a semi-Killing vector field, if Lxg = 2aX’ ® X for a constant o where, X°
is dual 1-form of X.
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Clearly, the zero vector field X = 0 is a semi-Killing vector field and every Killing
vector field X is semi-Killing with &« = 0. Also, we can construct a non-trivial semi-
Killing vector field. Let M = (a,b) C R be an open interval and consider g = ds>.
Suppose that X is a nowhere zero semi-Killing vector field on M with some non-zero
a. If X” = h(s)ds, then the condition Lxg = 2aX’ ® X° lead us to the following
ordinary differential equation

—21/(s) = 2ah?(s),

LI tant 3
or some constant 3.
as+ 8 °
Theorem 1.2. Let X be a non-zero semi-Killing vector field on a closed (compact
without boundary) Riemannain manifold (M,g). Then X is a Killing vector field.

and solving this equation gives h(s) =

The above theorem shows that the set of semi-Killing vector fields on closed
manifolds coincides with the set of all Killing vector field on them. Hence, exis-
tence of semi-Killing vector fields not only depends on the geometry of underlying
manifold but also requires some topological constraints on the manifold.
Homogeneous spaces are among the nicest examples of Riemannian manifolds. In
the following, we show that there is no non-trivial left-invariant semi-Killing vec-
tor field on a homogeneous manifold M with left-invariant metric g. Let X be a
non-zero semi-Killing left invariant vector field on a homogeneous manifold (M, g).

Theorem 1.3. Left-invariant semi-Killing vector fields on homogeneous spaces are
Killing vector fields.

2. MAIN RESULTS

In this section, prove our main results. First we prove that if (M™, g, X, A) be
a Reimannain Ricci soliton with potential semi-Killing field, then X has to be a
Killing vector field and (M, g) reduces to be an Einstein manifold.
Let (M, g, X, ) is a Riemannain Ricci soliton with Lyg = 2aX” ® X°. Then,
we have
Ric = —2aX’ @ X* + Ag.

Tracing both sides of the above equation, we find R = —2a|X |2 +n), so by addition
suitable expression to each side of the equation, we obtain
n—2

g = al| X g - 2X° @ X°),

1

1
As Einstein tensor Ric — §Rg is divergence free, so the right hand side of above

equation must be divergence free.

Lemma 2.1. Let X be a non-zero vector field on a Riemannian manifold (M, g). If
divergence of symmetric tensor T := |X|?g — 2X° @ X" vanishes, then div(X) = 0.

Now, with the assumptions of the previous Lemma, we can prove the following
Theorem.

Theorem 2.2. Riemannian Ricci solitons (M™, g, X, \) with Lxg = 2aX° ® X°,
are Finstein manifold.
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Proof: Since (M", g, X, \) is a Ricci soliton, we have
Ric 4 20X” ® X” = Ag.

If X be identically zero, then we have nothing to prove. Let X be a non-zero vector
field, so Lemma 2.1 indicates that div(X) = 0. On the other hand, we have

Lxg=2aX"®X".
Tracing both sides of the above formula gives
div(X) = a| X,

cosequently, = 0, and we have completed the proof.

The above theorem shows that there is no not-trivial Riemannian Ricci soliton
with semi-Killing potential vector fields. Hence, we have to look for such structure
in Lorentzian or other semi-Riemannain settings.

Theorem 2.3. If (M™, g, X,\) be a Lorentz Ricci soliton with Lxg = 2aX’® X”,
then M has constant scalar curvature R.

2.1. Application to physics. In this subsection, let (M*, g, X, \) is a Lorentz
Ricci soliton which we regard it as a space-time manifold. Then, the Ricci soliton
equation

1
Ric + iﬁxg = Ag,
become a generalization of Einstein field equation. In fact, tracing the both side of

the above equation yields R + div(X) = 4\. the above equation can be rewritten
as

1 1
Ric — S Rg + Ag = 5(div(X)g —Lxg).

In general theory of relativity, the scalar curvature R is related to distribution of
mass in points of space-time, so regardless of A which can be interpreted as cos-
mological constant, we may deduce that div(X) is related to notion of matter in

space-time and = (div(X)g — Lxg) is the momentum-energy tensor of this matter.

Therefore, a Ricci soliton is a geometric structure which capable of describing mat-
ter and gravity, simultaneously.

However, the Ricci flow can be a framework for geometrization of matter in
general relativity, it gives no more information about g as a potential for gravity
and X as a potential for matter. Hence, it is natural to posing any other relation on
X and g. If X be a Killing vector field, then the Ricci soliton equations coincides
to Einstein equation in vacuum, and X gives the symmetries of this space-time. In
this paper, we suggest X to satisfy the equation £xg = 2aX” ® X" for a non-zero
constant . Under this assumption, the Ricci soliton equation as a generalization
of Einstein field equation, becomes

2
Ric — %Rg +A\g = a(%g - X" e X").
This equation shows that symmetric 2-tensor 7' = | X |2g — X” ® X” must be diver-
gence free. Applying this fact, a similar argument with Theorem 2.2 shows that X
has to be a light-like vector field.
As we mentioned before, such structure in Riemannain settings lead to X = 0, and
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the structure reduces to Einstein manifold. But, as soon as we consider this struc-
ture in Lorentzian setting, we derive new field equation, with an internal relation
between X and g. So, in our theory, X can be in related to the notion of dark
matter in general relativity.
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ABSTRACT. We aim to introduce a new tensor, called #-conformal curvature
tensor, in the contact manifolds. We provide *-conformal curvature tensor in
Sasakian manifolds. Next, we deduce some properties of this tensor in Sasakian
manifolds.

Key words and phrases: : *-conformal curvature; Sasakian manifolds.

1. INTRODUCTION

A differentiable manifold M?"*! has an almost contact structure if it admits a
1-form 7, a characteristic vector field £, and a (1,1) tensor field ¢, which is satisfies

(1.1) pr=—I+neE nE) =1,
where I indicates the identity endomorphism. Then, by (1.1), we can see that
(1.2) p§=0, nop=0.

If an almost contact manifold M?"*! admits a Riemannian metric g with the prop-
erty

(1.3) 9(eX,9Y) = g(X,Y) = n(X)n(Y),

for any vector fields X,Y € x(M). Then (M?"*1 g,n,&, o) is called almost contact
metric manifold (or for simplicity, ACM-manifold). An ACM-manifold is called
normal if the (1,2)-type torsion tensor N, vanishes, where N, = [p, ¢] + 2dn ® ¢,

where [p, ¢] is the Nijenhuis tensor of ¢. A normal ACM-manifold is called Sasakian
manifold. A Sasakian manifold is also characterized by

(Vxe)V =g(X,Y)§ —n(Y)X,
for any vector fields X, Y € x(M). On a Sasakian manifold beside (1.1) and (1.3),
we have
(1.4) Vx{=—-¢X, R(X,Y){=nY)X-nX)Y.

Several concepts in complex geometry have a counterpart in contact geometry.
Tachibana introduces *-Ricci tensor on an almost Hermitian manifold. Afterward,
Hamada defines the *-Ricci on the real hypersurface of a non-flat complex space
form. This notion on an ACM-manifold (M, g,n,&, ¢) is defined as

1
(1.5) *Ric(X,Y) = 2t7‘ace{Z — R(X, @Y)(pZ}, VX,Y € x(M).
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The *-Ricci operator *L is defined by g(*LX,Y) = *Ric(X,Y). With the help of
x-Ricci tensor, several authors have investigated *-Ricci soliton in contact geometry

(see [2]).

In a Riemannian manifold (M?"*! g), the conformal curvature tensor C' is de-
fined by

C(X,Y)Z =K(X,Y)Z + -

EEnT) (g(Y, 2)X — g(X, Z)Y)

- (Ric(Y, 2)X = Rie(X, 2)Y +g(Y, Z)LX - g(X, Z)LY ),

(1.6)

where K denotes the curvature tensor of (1,3) type, Ric indicates the Ricci tensor,
7 is the scalar curvature, and L is the Ricci operator (M, g).

2. MAIN RESULTS

Definition 2.1. In a contact metric manifold of dimension 2n+1, the x-conformal
curvature tensor is defined by

*

% o T
C(X,Y)Z =K(X,Y)Z + @D

(90v:2)x — 9(X, 2)Y)

-1 (*Ric(yv Z)X —"Ric(X,Z)Y +g(Y,Z)"LX — g(X, Z)*LY>,

(2.1)
where *r is the trace of the x-Ricci tensor, called *-scalar curvature.

Proposition 2.2. In a contact metric manifold, the x-conformal curvature tensor
obeys the following.

(1) *C(X,Y)Z =—*C(Y,X)Z,
(2) *C(X,)Y)Z+*CY,2)X +*C(Z,X)Y = *Ric(X,Y)Z + *Ric(Y,Z2) X +
*Ric(Z,X)Y.
Definition 2.3. A contact metric manifold is named *n-Finstien if
"Ric(X,Y) = ag(X,Y) + bn(X)n(Y),

where a, and b are smooth scalar functions on the manifold.

In [2], Ghash and Patra obtain the *-Ricci tensor in a (2n + 1)-dimensional
Sasakian manifold is as follows
(2.2) *Ric(X,Y) = Rice(X,Y) — (2n — 1)g(X,Y) — n(X)n(Y).

Theorem 2.4. Suppose M*"*1 is a manifold with a Sasakian structure (g,n,€, ).
(M2 g.m, €, ) is an n-Einstien manifold if and only if it is an *n-Einstien
manifold.

Proof. If (M*"*+1 g, n,€&, ) is an n-Einstien manifold, then there are smooth scalar
functions a and b on M, so that

(2.3) Ric(X,Y) = ag(X,Y) + n(X)n(Y).
From (2.2) and (2.3), we have
(24) “Ric(X,Y) = ag(X,Y) + bn(X)n(Y),
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where @ = a — (2n — 1) and b = b — 1. So (M?**1 ¢ 1, € ¢) is a *n-Einstien
manifold. (I

Equation (2.2) provides

(2.5) “LX = LX — (2n— 1)X — n(X)E,
and
(2.6) *r=r—4n?,

where *Ric(X,Y) = g(*LX,Y) and *r = trace of *L. With the help of (2.2), (2.5)
and (2.6) from (2.1), we get

"CXY)Z=CXY)Z + 5 (1Y I(Z)X = n(X)m(2)Y +9(Y, ZIn(X)

=22 (v, 2)X — g(X, 2)Y ).

— 9(X, Z)n(¥)¢)
(2.7)

Proposition 2.5. In a Sasakian manifold, the x-conformal curvature tensor is
given by (2.7).

Corollary 2.6. In a Sasakian manifold, the x-conformal curvature tensor obeys
the relation

CX,)Y)Z+*C(Y,2)X +*C(Z,X)Y = 0.
In a 3-dimensional manifold, C' vanishes identically, and hence, we have
"C(X,Y)Z =n(Y)n(2)X —n(X)n(2)Y
(2.8) +9(Y, Z)n(X)§ — g(X, Z)n(Y)E.
In this case, (2.8) infers *C' does not vanish identically. Indeed, for any non-zero
vector filed X in the kernel of 7, we have
CRX +6,X+6E=X.
Definition 2.7 ([1]). A contact metric manifold is called &-conformally flat if
C(X,Y)E =0.

Every Sasakian manifold becomes a K-contact manifold, but its inverse holds
only in 3 dimensional. In [4], the authors prove that a K-contact manifold is -
conformally flat if and only if it is an n-Einstien Sasakian manifold.

Suppose a Sasakian manifold is &-conformally flat and &-xconformally flat, i.e.,
*C(X,Y)¢ =0. Then from (2.1), it follows

3—2n
2n—1
By hypothesis, *C(X,Y){ = 0 = C(X,Y)¢. Hence (2.9) and (1.4) turn into
R(X,Y)¢=0.

(2.9) “O(X,Y)E = C(X,Y)E +

(n(Y)X —n(X)Y].

Lemma 2.8 ([1]). Let M*"*1 be a contact metric manifold that satisfies the relation
R(X,Y), =0 for all X, Y. Then M is locally isometric to the Riemannian product
of a flat (n + 1)-dimensional manifold and an n-dimensional manifold of positive
curvature 4, and flat forn = 1.
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Theorem 2.9. If a Sasakian manifold M>"*1 is &-conformally flat along with &-
xconformally flat, then the manifold M?"+1 is locally isometric to E"T1(0) x S™(4),
(n>1).

If X is a conformal vector field, that is, Lxg = 2pg for some smooth function p,
then it is known that £xC = 0. Hence

Lx* O, W =5 Lx [n(W)0(¥)Z — n(Z)¥) ~ (9(Z, W) (¥) — (Y, W)n(2))e]
" EZ - TQP[Q(Z’ W)Y —g(Y,W)Z].
(2.10)

According to S. Tanno and Blair [3] on an ACM-manifold, if there exists a vector
field X obeying Lxn = on for certain function o, X is called a contact vector field.
Especially, X is called a strict infinitesimal contact transformation if o = 0.

Suppose the vector field X is a strict contact vector field and conformal vector
field, then from (2.10), we get

N o, 2n—=2
(2.11) Lx*C(Y, Z)I/V—2p2n_1

[9(Z. W)Y —g(Y,W)Z],

where we have used Lx&" = —2p&". In particular, if n = 1, then
Lx*C(Y,Z)W = 0.
Lemma 2.10 ([3]). If a vector field X satisfies Lxn =0, then X satisfies Lx& = 0.
By Lemma 2.10, one obtains the following corollary.

Corollary 2.11. Let X be a conformal vector field with a strict infinitesimal con-
tact transformation. then X is Killing.

Proof. Suppose X is a strict infinitesimal contact transformation, i.e., Lxn = 0.
Since X is a conformal vector field, we have Lxg = 2pg. Then by Lemma 2.10, we
get Lx& = 0, which means that p = 0. O

Theorem 2.12. The x-Conformal tensor is invariant under the restricted contact
and conformal vector fields on normal contact metric manifolds.

REFERENCES

(1] D. E. Blair, Two remarks on contact metric manifolds, Tohoku Math. J. 29 (1977), 319-324.

[2] A. Ghosh and D. S. Patra, *-Ricci Soliton within the framework of Sasakian and (k, p)-
contact manifold, Int. J. Geom. methods modern Phys. 15 (2018), 1850120.

[3] S. Tanno, Note on infinitesimal transformations over contact manifolds. Tohoku Mathemat-
ical Journal, Second Series, 14(4) (1962) 416-430.

[4] G. Zhen, J. L. Cobrerizo, L. M. Ferandez and M. Fernadez, On &-conformally flat contact
metric manifolds, Indian J. Pure. Appl. Math. 28 (1997), 725-734.



*-CONFORMAL CURVATURE OF CONTACT METRIC MANIFOLDS 117

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCES, AMIRKABIR UNIVERSITY OF TECH-
NOLOGY (TEHRAN POLYTECHNIC), TEHRAN. IRAN
E-mail address: hanaaa.faraji@aut.ac.ir

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCES, AMIRKABIR UNIVERSITY OF TECH-
NOLOGY (TEHRAN POLYTECHNIC), TEHRAN. IRAN
E-mail address: behzad.najafi@aut.ac.ir

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCES, AMIRKABIR UNIVERSITY OF TECH-
NOLOGY (TEHRAN POLYTECHNIC), TEHRAN. IRAN
E-mail address: t.tabatabaeifar®@aut.ac.ir



> The 12t" Seminar on Geometry and Topology
University of Tabriz, 1-2 Mordad 1402, July. 23-24, 2023

RICCI SOLITONS AND RICCI BI-CONFORMAL VECTOR
FIELDS ON THE MODEL SPACE Sol}

MAHIN SOHRABPOUR AND SHAHROUD AZAMI

ABSTRACT. In the present paper, we classify the Ricci solitons and the Ricci
bi-conformal vector fields on model space Solg. Also, we show that which of
them are gradient vector fields and Killing vector fields.

Key words and phrases: Ricci bi-conformal vector fields; Ricci solitons;
Killing field.

1. INTRODUCTION

Conformal vector fields play an important role in geometry and physics. In ge-
ometry, they are used to study conformal transformations and conformally invariant
geometric quantities. In physics, they aries in theories with conformal symmetry,
such as string theory and conformal field theory. Also, conformal vector fields
preserve angles and ratios of distances between points on the manifolds.

A conformal vector field is a smooth vector field X on a Riemannian manifold
(M, g) if a smooth function like f that named a potential function, exists on M
that satisfies Lxg = fg, where Lxg is the Lie derivative of g with respect X.
So if the potential function f = 0 , X is a Killing vector field. In other hand,
if X is a non-Killing vector field, X is called to be a nontrivial conformal vector
field. We say that X is a gradient conformal vector field, if X is a gradient of a

smooth function. A conformal vector field explain completely in [4, 3]. At first,
Garcia-Parrado and Senovilla introduced bi-conformal vector fields [7], then De et
al. defined Ricci bi-conformal vector fields in [2]. If the following equations hold

for some smooth functions a and § and any vector fields Y, Z, then the vector field
X is called a Ricci bi-conformal vector field:

(1.1) (Lxg)(Y,Z) = ag(Y, Z) + BS(Y, Z),
and
(1.2) (LxS)Y,Z) = aS(Y,Z) + Bg(Y, 2),

where S is the Ricci tensor of M.
One of the most important and attractive topics in physics and geometry is study
of the Ricci solitons that are natural generalization of Einstein metrics. At first

the Ricci soliton was introduced by Hamilton [8], have been studied in Lorentzian
manifolds. On a pseudo-Riemannian manifold (M, g), it is defined by
(1.3) Lxg+ S =g,

where X is a smooth vector field on M, and A is a real number [1].
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If the group of isometries of (M, g) acts transitivity on M, the connected pseudo-
Riemannian manifold (M, g) is named to be a homogeneous. Riemannian homo-
geneous spaces are a fundamental class of manifolds which study is common in
geometry, algebra and group theory. A Thurston geometry (G, X) is a homoge-
neous space where X is connected and simply connected, let G be a group and G
acts transitively on X with compact point stabilizers such that G is not contained
in any larger group of diffeomorphisms of X, and there is at least one compact
manifold modeled on (G, X). Thurston geometry is a subset of Riemannian ho-
mogeneous spaces, that studied in dimension three for three-manifolds. So the
possible Riemannian structures of compact orientable three-manifolds are similar
to the uniformization theorem for surfaces that are compact and orientable. We
can decompose any three-manifold into pieces and each of them admits a Riemann-
ian metric locally isometric to one of eight three-dimensional model spaces, the
Thurston geometries R3, S?, H3, $2 x R, H? x R, SL(2,R), Nil® and Sol®. Eight
three-dimensional Thurston spaces explain completely in [9, 10]. The model space
(Sol3, g) is one of the four-dimensional Thurston geometries. Filipkiewicz in [0]
listed 19 types of Thurston geometries in dimension four. According to Wall [11],
the space (Solg, g) belongs to 14 spaces among these model spaces that admit com-
plex structure compatible with the geometric structure, for more information study

2. THE MODEL SPACE Sol

The primary manifold of the model space Solg is R*(x,y, z,t) with the group
operation

(2.1) (z1,y1, 21, t1) * (T2, Yo, 22, t2) = (z1 + € @2, y1 + €M y2, 21 + € 2020, 8y + £).

The left invariant Riemannian metric g of Sol§ is obtained as follows

(2.2) g = e 2 (dx? + dy?) + e*'d2? + dt?,
Therefore, we consider the metrically dual left invariant basis vector fields as
0 0 0 0]
2.3 = t = t = —2t = —,
(2:3) DT Ty T 9 U ot
So basis vector fields satisfy the following brackets.
[e1, e2] = [e1, e3] = [e2,e3] =0, [es,e1] = €1

lea, e2] = €2, [eq,e3] = —2e3.

The Levi-Civita connection of manifold (M, g) is shown by V. We can define the
curvature tensor R of (M,g) as follows R(X,Y) = Vixy] — [Vx,Vy] and we
define the Ricci tensor S by S(X,Y) = tr(Z — R(X,Z)Y). The components of
Levi-Civita connection and Ricci tensor on Solg are calculated by

eh 00 —e 00 0 0
o 0 e o -1 0 o

(24) Veei=1 0 0 —2e 25 |7 =0 0 -1 0
00 0 0 00 0 6

For any vector field X = X*e;, by
(ﬁXg)(ela ej) = ng(vfiiekv ej) + eing(eka ej) + ng(eia vejek) + erkg(eia ek)a
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we compute the Lie derivative of the metric g in direction to vector field X as follows
(Lxg)11 = —2X"* + 2, X",

(Lxg)12 =1 X + e X",

(Lxg)13 =e1X® +e3 X',

(Lxg)ia =X+ e X+ es X1,

(Lxg)2e = 2e0X? — 2X*,

(Lx9)23 = e2X® + e3X?,

(Lxg)oa = X2 + eaX* + €4 X3,

(Lxg)33 = 2e3X> +4X*4,

(L£xg)sa = —2X° + esX* + es X7,

(Lxg)as = 2esX ™.

(2.5)

Further, using the formula
(LxS)(ei,ej) = —X"S([er, ei], e;)+ei X S(ex, e,)—X"S(es, [ex, e;])+e; X" S (e;, ex),

the Lie derivative of the Ricci tensor in direction X is determined by

LxS)11 =0,
LxS)12 = —e1 X7,
LxS)13 = —4e1 X7,
LxS)14 = 6e1 X7,

(2.6)

3. RICCI SOLITONS AND RICCI BI-CONFORMAL VECTOR FIELDS ON THE MODEL
SPACE Sol]

Now, we solve the equation (1.3) on the model space Sol3. Substituting (2.4),
(2.5), and (2.6) into (1.3), we get the following theorem.

Theorem 3.1. The vector field X on (Sols,g) where g given by (2.2), is a Ricci
soliton vector field if and only if

0 7 0 0 0
X=0Bx+b — +(zy+b — + (52— 2b — +by—.
(3z + 2x+a4)ax—|—(2y+ 2y+a2)ay+(z 2Z+a1)8z+ Qat
Now, we can investigate that which of Ricci solitons on (Solg, g) is as gradient
vector field. Now, consider X = Vf on (Solg, g) with potential function f.
Thus we have the following corollary.

Corollary 3.2. There is not any gradient Ricci soliton X on (Solg, g).

We solve the equation (1.1) and (1.2) on the model space Solj. Replacing (2.2),
(2.4), (2.5), and (2.6) into (1.1) and (1.2), we get the following theorem.
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Theorem 3.3. The vector field X on (Sol§,g) where g given by (2.2), is Ricci
bi-conformal vector field if and only if

0
— 2coz2— 4+ co—.

0 0
X = (cor +ca) 5=+ (coy +c3) 5 92 ot

ox dy

Thus, we have the following theorem.

Theorem 3.4. Any Ricci bi-conformal vector field X on (Solg, g) is gradient vector
field with potential function f if and only if f = cg.

At the end we can state:

Corollary 3.5. Any Ricci bi-conformal vector field X on (Sol3, g) is Killing vector
field.
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ON ¢-RECURRENT MIXED 3-STRUCTURES

MOHAMMAD BAGHER KAZEMI AND FATEMEH RAEI

ABSTRACT. In the present paper, we study mixed 3-structure manifolds which
their Riemannian curvature is ¢-recurrent. In special case, we study mixed
3-cosymplectic manifolds and prove some results on 1-forms of the recurrent
equation.

Key words and phrases: curvature; ¢-recurrent; mixed 3-cosymplectic.

1. INTRODUCTION

Recurrent manifolds are generalization of locally symmetric manifolds. On lo-
cally symmetric manifolds covariant derivative of the Riemannian curvature is equal
to 0. The sectional curvature of contact locally symmetric manifolds is constant
which is a strong condition on the manifold. Thus Takahashi studied locally ¢-
symmetric manifolds [6] which satisfy ¢(VR) = 0. As a generalization of all of the
above concepts the notion of ¢-recurrent manifolds have been introduced [3].

In this paper, we study ¢-recurrent mixed 3-structure manifolds. We prove some
properties of ¢-recurrent mixed 3-cosymplectic manifolds and give an example.

2. MAIN RESULTS

Let M be an odd dimensional semi-Riemannian manifold such that there exist
a vector field £, a 1-form n and a (1,1)-tensor field ¢, on the manifold which the
following condition hods

(2.1) P*X =e(—X +n(X)E) , (&) =1VX € TM,

then (M,&,n, ¢) is said to be an almost contact manifold for e = 1 and an almost
para-contact manifold for e = —1 [, 5].

Definition 2.1. Let a semi-Riemannian manifold (M,g) have two almost para-
contact structures (£;,m;i,¢;), 1 = 1,2, and an almost contact structure (€3,m3, @3)
such that satisfy as follows

(2‘2) ni(fj) =0, ¢i(§j) = Ejfka ¢j(fz‘) = —¢€;&k, 77i(¢j) = —77j(¢i) = €Lk,
(2.3) i0d; — €inj @ & = —dj00; + €51 @ & = €y,

(2.4) 9(0:i X, 0:Y) = ei[g(X,Y) — mans (X)m; (Y)], VX, Y € TM,

in which (3, j, k) permutes for (1,2,3) and ; = g(&;,&) = £1.
Then (M, &, ni, di, 9)ic{1,2,3} 15 said to be a metric mived 3-structure manifold [4].

2010 Mathematics Subject Classification. 53B35, 53C45 .
Speaker: Mohammad Bagher Kazemi .

122



ON ¢-RECURRENT MIXED 3-STRUCTURES 123

In addition, a metric mixed 3-structure manifold (M, &;, 7:, i, 9)ieq1,2,3) is called
a mixed 3-cosymplectic manifold if
(2.5) (Vx¢)Y =0, VX, YeTM, ie€{l1,23}.

Theorem 2.2 ([2]). Let (M,&;, i, ¢i,9)icf1,2,3) be a mized 3-cosymplectic mani-
fold. Then the Ricci tensor of M is flat.

Definition 2.3. A metric mized 3-structure manifold (M,&;,n;, i, 9)ic{1,2,3) 15
called a 3-¢-recurrent manifold, if the following condition holds

(2.6) R(VwR)(X,Y,Z) = A(W)R(X,Y)Z, i=1,23
Here A;s are 1-forms on the manifold.

In the rest of the paper, we suppose the manifold admits mixed 3-cosymplectic
structure.

Lemma 2.4. On a mized 3-cosymplectic manifold (M, &;,mi, $i)ic1,2,3}, the tensor
fields ¢;’s satisfy

(2.7) Gi007 = —erleidi +m; ® &) = —erle;¢F +mi @ &,
in which € = €¢g = —e3 = —1.

Theorem 2.5. On a non-flat 3-¢-recurrent mized 3-cosymplectic manifold (M, &;,n;, i),
i€ {1,2,3}, the 1-forms A; and A; satisfy in the following condition

A;(W) = e Ai(W), VW € TM,
where €; = eg = —e3 = —1 and {i,j,k} = {1,2,3}.

Proof. Since (M, &;,n;,$:), i € {1,2,3} is a mixed 3-cosymplectic manifold, we ap-
ply ¢? on Equation (2.6) and use Lemma 2.4 and obtain

—ex[€:d (VwR)(X,Y, Z) + n;(VwR)(X, Y, 2))§;] =

(2.8) 6 A;(W)[-R(X,Y)Z + ni(R(X,Y)Z)&).
Hence we have,

(€ A;(W) —ere Ai(W))R(X,Y)Z = en(VwR)(X,Y, 2))§;

(2.9) + ani(A;(W)R(X,Y)Z)&;.

By applying ¢; and then ¢ and 7 on (2.9) and by some computations we get
(2.10) (6A;(W) — exeiA;(W))drod; (R(X,Y)Z) = 0.

and so,

(2.11) R(X,Y)Z = ne(R(X,Y)Z)&.

But the previous equation implies R = 0 which is a contradiction because the
manifold is non-flat, thus, the Equation (2.10) implies A;(W) = e, A;(W). O

By using Theorem 2.2, we have the following theorem.

Theorem 2.6. Let (M,&;, 1, i, 9)icf1,2,3) be a 3-¢-recurrent mived 3-cosymplectic
manifold. Then the covariant derivative of the Riemannian curvature of M wvan-
ishes.
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Example 2.7. We suppose M = {(mZ)ZZm € R Z§:5 T # O}, and put ¢;’s as

follows
$1((%0);=117) = (=72, =21, =24, =73, ..., 0,211, T10),
¢2(($i)i:1,1) = (w4, =23, =22, %1, ..., —T10, —T9,0),
¢3(('x1)z:T) = ('r?n —T4, —T1,T2,...,T11, Oa _1'9)-

Now we define f = x5 + x¢ + x7 + 3 and
4 8

g = Z(*l)ldﬂzdﬂjl + Z(*l)lfzdxzdl'z + ddfgd?ﬂg — dxlodl'lo + dl‘lldfﬂll.
= =5

i=1

The structure vector fields are defined as & = Oxg, & = O0x11, €3 = —0x19 and
ni’s are dual of them. One can show that (M, &;,ni, ¢i,9)icq1,2,3} 5 a melric mized
3-structure manifold and curvature tensor R and its covariant derivative have the
following non-zero components

Rrssv" = _Rijji :47 i;éj,r#s, ia.j € {577}7 S e {6’8}’
—Ryiis = _Rjiir = Rirrj = Rgpri = 2,
—24
Rrssr,k =—Ry; ji,k — ;
'y f

12
f )
for i#£jr#s, 4,j€{57rse{6,8} andk=5,...,8.

Therefore, the one form of the recurrent condition can be taken as

Rriis;k = Rjiir;k = _Rirrj;k = _Rsrri;k =

A(Dry) = —76 =5,...,8
7Tl 0, k=1...4,and k=9,10,11.

So, for any X, Y, Z, W € TM, we can write

where A1(W) = Ay(W) = —As(W) = A(W) which means M is a 3-¢-recurrent
manifold.
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CONTACT HYPERSURFACE IN NEARLY KAHLER
MANIFOLDS

NIKROOZ HEIDARI

ABSTRACT. In this article, we will give a sufficient and necessary condition
that a hypersurface of nearly Kahler manifolds with induced almost contact
structure must be a contact hypersurface. Also, we show that such hypersur-
face can not be totally geodesic or totally umbilic.

Key words and phrases: Contact hypersurface; Nearly Kéhler manifolds;
almost contact structure.

1. INTRODUCTION

An almost complex manifold (M, J) (where J is (1,1)-form and J? = —Id) is

called almost Hermitian there exist Riemannain metric like g such these metric
is compatible with J. this means that J*¢ = g. An almost Hermitian manifold
(M, g, J ) is called nearly Kdhler manifold, if its Levi-Civita connection V satisfies
(VxJ)Y 4+ (VyJ)X = 0. These manifolds appear moreover in a natural way in
the GrayHervella classification [1] as one class of the 16 classes of almost Hermit-
ian manifolds.Recent interest in nearly Khler manifolds came from the fact, that
in dimension 6 these manifolds are related to the existence of Killing spinors and
that they admit a Hermitian connection with totally skew-symmetric torsion. Such
connections are of interest in string theory [3].
In 2002, Nagy [5] proved that every simply connected complete nearly Khler man-
ifold is isometric to a Riemannain product space of 3-classes naturally reductive
3-symmetric spaces 2- twister spaces over positive Quaternion-Khler manifolds and
3- six dimensional nearly Khler manifolds and Butruile in 2008 [l] showed that
there exist only four complete,homogeneous 6-dimensional nearly Khler manifolds
(up to homothety and covering space) and all of them are 3-symmetric.An impor-
tant question in nearly Khler geometry is the fundamental explanation of rareness
of such manifolds or difficulties of introducing non-homogeneous examples. Re-
cently Foscolo and Haskin [2] proved that there exist new non-homogeneous Nearly
Kihler structure on S and S% x S2. they also shown that this non-homogeneous
example of co-homogeneity one and conjectured that the all co-homogeneity one
example are listed as non-homogeneous Nearly Kihler structure on S% and S x $3.
therefore the study of hypersurface of 6-Nearly Kahler manifold can be important.
In this paper we study hypersurface of nearly Kéahler manifolds with induced almost
contact structure and investigate for a sufficient and necessary condition that such
hypersurface must be a contact hypersurface also we prove that this hypersurface
can not be totally geodesic or totally umbilic.

2010 Mathematics Subject Classification. 53C55, 53D10.
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2. MAIN RESULTS

Lemma 2.1 ([3]). on Nearly kdhler manifold (M, J,g) there exists a unique con-
nection V with totally skew-symmetric torsion TV satisfying Vg =0 and V.J = 0.
More precisely

(2.1) V=D- %JE, TV = —Jo¥,

where D is Levi-Ciita connection , ¥ = DJ and {Xx,J} =0, for all vector fields
X.

tensor field ¥ of type (2, 1) has the properties as follows.

(2.2) S(X,Y) = -5(Y.2),
(2.3) S(X,JY) = —JN(X,Y),
(2.4) 9(E(X,Y),2) =g(B(Y, 2), Z) = g(£(Z, X),Y),

let f: P — M be an orientable hypersurface of the nearly Kéhler manifold
(M, J,g). If D denote the Riemannian connection induced on P, then the Gauss
and Weingarten formulas are

(2.5) D=D+g(SX,Y)N, SX =—-DxN,

where X,Y € TM and N € T+M and S is the shape operator of the hypersurface
P.

Definition 2.2. A (2n—1)-dimensional smooth manifold M is said to be an almost
contact metric manifold if carries a global 1- formn, a vector field  , a (1,1)-tensor
field ®, and a Riemannain metric g satisfying

(26) P =-Id+n®¢ nE) =1, g(@X,Y)=g(X,Y)—n(X)n(Y).

On the other hand ®(§) =0, no® =0, g(X, &) =n(X), and & is a unit vector field.
The almost contact metric structure (n,&,®,g) on M is called a contact metric
structure if dn(X,Y) = g(X, ®Y).

On orientable hypersurface f : P — M of the nearly Kéhler manifold M we
can define 3 tensor field as follow:
(2.7) O X =JX —n(X)N, ®X =V35(X,N), &3X =V3%(X,¢),
where N is unit vector field normal to the hypersurface along f and £ = —JN.

Proposition 2.3. On orientable hypersurface f : P — M of the nearly Kdhler
manifold M if n is the smooth 1-form dual to & then above tensor fields (£,m, ®;)
for i =1,2.3 are almost contact metric structures on P and defined a quaternion
fields.

At now we try to find the covariant derivatives of the structure tensor fields
of the almost contact metric structures on the hypersurface P. with use fact that
VJ =0 we have JV,N = VxJN and

DxJN —1/2J%(X,JN)=J(DxN — 1/2J%(X, N)),
therefore

—Dx€—1/25(X,N) = —JSX + 1/25(X, N),
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and

Dx¢&=JSX — S(X,N) = & (SX) + n(SX)N — ?%.

Tangent part of above relation is Dx§& = o, (SX) — ?@2. with use again of
VJ =0 and Gauss- Weingarten formulas
VxJY =DxJY —1/2J5(X,JY) = Dx(®1Y) + Xn(Y)N +n(Y)DxN — 1/25(X,Y),
JVxY = J(DxY —1/2J%(X,Y)) = J(DxY 4+ g(SX,Y)N) + 1/25(X,Y),
therefore
Dx(91Y) + Xn(Y)N — 1/25(X,Y) — n(Y)SX = Dx (1Y) + Xn(Y)N — 1/25(X,Y)
=&, (DxY) +n(Dx)N — g(SX,Y)E +1/25(X,Y),

tangent part of this relation

(Dx®1)Y =1(Y)SX — g(SX,Y)é+ (X, Y)".
Denote by w; the fundamental 2-form on P given by w;(X,Y) = ¢(®;X,Y), for
i=1,2,3.

Proposition 2.4. The fundamental 2-form w on a real hypersurface in a strictly
Kdhler manifold is not closed.

Proof.
dwi (X,Y, Z) = X(w1(Y, Z)) + Y (wi(Z, X)) + Z(w1 (Y, Z))
= §((Dx®1)Y, Z) + §((Dx®1)Y, Z) + §((Dx ®1)Y, Z)
= UX,Y,Z{n(Y)g(SXa Z) - g(SXv Y)U(Z) + g(E(Xa Y)a Z)}
=g9(B(X,Y), Z) + g(3(Y, 2), X) + 9(3(Z, X),Y)
=39(X(X,Y), Z).
O
Motivated by the example $?"~! € C® Okumura in [6] called that P is a contact
hypersurface of M if there exists an everywhere nonzero smooth function p on P
such that dn = 2pw holds on P along f. It is clear that if this equation holds, then

then the rank of ® being 2n — 2 and we have n A ®"~1 = p="n A (dn)" ! # 0, that
is, every contact hypersurface of a Nearly Kahler manifold is a contact manifold.

Theorem 2.5. let f: P — M be a real hypersurface of nearly Kahler manifolds
M. then P is contact hypersurface under contact structure Phiy if there exist a
non-where zero function p on P along f such that

V3

S‘bl + (IllS = 2[)‘1’1 + 2?¢2

Proof.
dn(X,Y) =dn(Y)X —dn(X)Y —n([X,Y]) = g(Y,Vx¢) — g(X,Vy9)
= g(}/, q)lSX — ?@2)() — g(X, <I>13Y — ?@2}/)
V3

=g(Y,®,8X) +g(Y, 50, X) — 2?9(5/7 P, X),
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from dn(X,Y) = 2pw1(X,Y) = 2pg(®1X,Y) we have the result. O

Corollary 2.6. let f : P — M be a real contact hypersurface of nearly Kdhler
manifolds M under contact structure ®,. then P can note be totally geodesic or
totally umbilic submanifolds of M

Proof. from above theorem and relation S®; + ®,.5 = 2p®; + 2?4& if P is totally
geodesic or totally umbilic then ®; and ®5 must be linear dependent this means
that there exist function A such that ®&; = \®s.

1T +n@&=21(P1) = A1 (P2) = A3,
with chose a tangent vector X such that PhizX # 0 we have

—z + (X)) = ¢3(X).
But in not possible because (n,&, ®3) is an almost contact structure and
g(q)?)Xaaj) = g(q)3X7€) = 07

and its contraction with chose of X. O

Corollary 2.7. let f: P — M™ be a real contact hypersurface of nearly Kdihler
manifolds M under contact structure ®1. if X be a principle direction of hyper-

surface then ®1X can not be a principle direction. therefore the mazimal principle
n+1

2

Remark 2.8. In theorem 2.5 if M is Kdhler manifolds and P is totally umbilic
hypersurface in M such that the mean curvature of hypersurface in non-zero then
P is contact hypersurface ( in this case o = ®3 = 0). therefore under contact
structure ®1 induced form complex plane C™ every odd dimensional sphere is contact
hypersurface. but in nearly Kiher case S° under contact structure ®, induced form
S8 (as totally geodesic hypersurface ) is not contact hypersurface.

curvature of P is
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A KAKEYA PROBLEM ON RIEMANNIAN MANIFOLDS OF
NONPOSITIVE CURVATURE

REZA MIRZAIE AND OMID REZAIE

ABSTRACT. We generalize the definition of Kakeya set to Hadamard manifolds
and we find a Kakeya set in hyperbolic space.
Key words and phrases: Fractal; Hyperbolic space; Kakeya problem.

1. INTRODUCTION

The Kakeya needle problem posed by S. Kakeya in 1917 asks whether there
is a minimum area region (called Kakeya set), in the plane, in which a needle of
length one can be turned through 360 degree continuously, and return to its initial
position. Pal [7], showed that the solution of Kakeya‘s problem for convex sets is the
equilateral triangle of height one. For the general case, when the Kakeya set is not
necessarily convex or even simply connected, the answer was surprising. Besicovitch
gave the answer that one could rotate a needle using an arbitrary small area. The
Kakeya problem, can be mentioned a little more different such that the needle
(line segment) can be replaced by line. So the problem is to find a planar domain
with the smallest area so that a line segment can be rotated by 180 degrees in this
domain. It is shown by A. S. Besicovitch [1], that for n > 2 there are subsets of R™
of measure zero which contain a line segment in each direction. Such sets are called
Besicovitch sets or Kakeya sets. The Kakeya conjecture is that Kakeya sets in R"
must have Hausdorff dimension at least n. It is already proved for n = 2 but is still
open in higher dimensions. The original construction of Kakeya set by Besicovitch
has been simplified by other mathematicians (see [3, 4, 6]). Recently, the problem
has received considerable attention due to its many applications. There are strong
connections between Kakeya-type problems and problems in number theory [2],
geometric combinatorics [9], arithmetic combinatorics, oscillatory integrals, and the
analysis of wave equations [3]. Two main problems related to the original Kakeya
are: First, trying to solve the Kakeya conjecture and the second one is to consider
similar problem in more general cases and study the existence of Kakeya sets. We
consider in this note the second problem. We can mention many problems similar
to the Kakeya set problems. For example, in a similar problem it is shown that
there are thin sets of circles sets of measure zero which contain circles of every
radius. Instead of a plane, we can consider an sphere and the rotation takes place
on the surface of the unit sphere and arc of great circle plays the role of the line.
It is known that for arcs of length small compared to the radius of the sphere the
answer is similar to the original Kakeya problem. A more general case is to replace
the plane by a two dimensional Riemannian manifold in which the geodesics play
the role of lines. Since direction of the geodesics is not meaningful in general case, it
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is necessary to give a new definition of the Kakeya set which generalizes the original
definition on the plan sets. We give in the present article a definition for Kakeya set
on Hadamard manifold which is a generalization of its original definition. Then, we
find a Kakeya set in two dimensional hyperbolic space which is the most important
model of a Hadamard manifold.

2. MAIN RESULTS

A point b in infinity of R? is by definition the collection of all lines in R? parallel
to a line L and it is said that L passes from b. So, as Besicovitch’s result, there
is a Kakeya set K in R? such that for each point b at infinity, there is a line in K
passing from b. Thus, the following definition 2.1, of the Kakeya set in Hadamard
manifolds is a generalization of the original definition of the Kakeya set. First we
recall some preliminary facts and definitions about Hadamard manifolds (see [5]
for details). Let M be a simply connected Riemannian manifold of nonpositive
curvature, which is called a Hadamard manifold. Two unit speed geodesics v and
B in M is said to be asymptotic if there exists a positive number ¢ such that for all
t > 0, one of the following is true

d(v(1), B(t)) < ¢ or d(y(t),8(-1)) <ec.

Asymptotic relation is an equivalence relation on all geodesics of M. The asymp-
totic class of a geodesic v is denoted by [y]. The collection of all asymptotic classes
is called the infinity of M denoted by M (c0). So each point b in M (c0) has inter-
pretation as a class of asymptotic geodesics. If b = [y] then we say that v passes
from b.

For example, if M = R"™ then the geodesics are straight lines and asymptotic lines
are parallel. Thus a point at infinity corresponds to all lines parallel to a fixed line.
If M is the hyperbolic space, which we denote it by H, there are several important
models of H: the Klein model, the hyperboloid model, the Poincar ball model, the
Poincar half space model, and the Belterami model. We use here the Belterami
model. In the Belterami model, H is the points of the open disc:

H={(z,y) € R?: 2?2 +¢* <1}
the metric tensor is given by
dz? + dy? d dy)?
1 g = P (ads )
L= +y?) (- (2%+y?)
Geodesics are represented by the chords, straight line segments with ideal endpoints

on the boundary sphere. The infinity of H, H(co) is interpreted as the points of
the boundary sphere.

Definition 2.1. A measurable subset K of a Hadamard manifold M is called a
Kakeya set if its measure is zero and it contains a collection of geodesics with the
property that for each point b € M (00) there exists a geodesic in K passing from b.

Theorem 2.2. There is a Kakeya set in H.

Proof. We consider the Belterami model of H. By Besicovitch answer to the original
Kakeya problem on R?, one could rotate a needle using an arbitrary small area.
So, We can consider a line segment L inside H, and rotate it continuously inside H
with the property that the union of the all line segments achieved from rotations
of L is contained in a set of R?-measure zero. Denote by I' = {\ :} the set of the
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mentioned line segments. Each line segment A in I' is a portion of a chord which
we denote it by A'. Put IV = {\" : A € T'}. Since the union of the points of all line
segments \ in I is contained in a set of R2-measure zero, it is not hard to show that
the union of the points of the members of IV has also R%-measure zero, and from
the fact that the members of I are rotations of a line segment in all directions, then
the union of the endpoints of the members of I covers all points in the boundary
of H, that is H(co). The members of I are in fact geodesics of H. So we have a
Kakeya set in H if we show that the union of the members of I is contained in a
set of H-measure zero.

For a measurable subset W of H denote by pu, (W) and p, (W) the R%>-measure
and H-measure of W. We show that u, (W) = 0 implies p, (W) = 0. Consider the
following subsets of H.

B, ={(z,y) e R*: 2*+y*<1— %}
Then,
(2.2) (W) = //W Vet Adady,
where A is the following matrix

A= [aij], aij = <6i,€j>H, €1 = (1,0), €9 = (0, 1)

By using of the metric tensor of H given by (2.1) we can compute

1 n x2
a =
BT I-@2 42 (- @2+ y?)?
o (=42
Q12 = a1 = —(1 — (x2 +y2))2’
_ 1 v
a22 =

+ .
@ty - @t PP
1
Put W,, = W) B,,. Since W,, C B, then for all (z,y) € W,,, 2% +y?> < —, so
n
a1 < (1+nz?)n < (1+n)n,
azs < (14+ny*)n < (1 +n)n,
a1 = a1 < (SE + y)2n2 < 4TL2.

Then det(A) < 16n°(1 +n)?, so by (2.2),

(2.3) e (Wn) < // V16n8(1 + n)2dzdy = 4n® (14 n)u, (Wy).
Since p, (W,) < pu, (W) =0, then by (2.3), u,(W,) = 0. Now, we get from

W= W, that u, (W) =0. O

It seems that the assertions are true in general for Riemannian manifolds of
nonpositive curvature. Thus, the following problem is interesting to think about.

Problem : Show that there is a Kakeya set in each Riemannian Manifold of
nonpositive curvature.
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ANTI-KAHLER GEOMETRY ON COMPLEX LIE GROUPS

PARVANEH SADEGNAVEHSI

ABSTRACT. Let G be a Lie group of even dimension and let (g, J) be a left
invariant anti-Kahler structure on G. In this dissertation we study anti-Kahler
structures considering the distinguished cases where the complex structure J
is abelian or bi-invariant. We find that if G admits a left invariant anti-Kahler
structure (g, J) where J is abelian then the Lie algebra of G is unimodular
and (G, g) is a flat pseudo-Riemannian manifold. For the second case, we see
that for any left invariant metric g for which J is an anti-isometry we obtain
that the triple (G, g, J) is an anti-K&hler manifold.

Key words and phrases: Anti-Hermitian geometry; Norden metrics; Anti-
Kahler manifold; Lie groups.

1. INTRODUCTION

Anti-Hermitian geometry can be considered as a counterpart of Hermitian ge-
ometry: an almost anti-Hermitian manifold is a triple (M, g, J), where (M, g) is a
pseudo- Riemannian manifold and J is an almost complex structure on M such that
J is symmetric for g. In the literature, other names are also used for this class of
manifolds: Norden Manifolds [1] or almost complex manifolds with a Norden metric
[2], in honour to the Russian mathematician Aleksandr P. Norden. This work is in-
tended as an attempt to study anti-Kéahler geometry on Lie groups and to motivate
new properties of anti-Kéahler manifolds. In this paper, we focus on anti-Kahler
structures on Lie groups in the left invariant setting. In the complex geometry
of Lie groups, we have two distinguished classes of left invariant complex struc-
tures, namely, abelian and bi-invariant complex structures.We study anti-Kahler
structures with complex structures in each class.

Definition 1.1. (Almost anti-Hermitian Manifold) An almost anti- Hermitian man-
ifold is a triple (M, g,J), where M is a differentiable manifold of real dimension
2n, J is an almost complex structure on M and g is an anti-Hermitian metric on
(M, J), that is

(1.1) g(JX,JY) = —g(X,Y), VX,Y € X(M),
or equivalently, J is symmetric with respect to g.

If additionally J is integrable, then the triple (M, g, J) is called an anti-Hermitian
manifold or complex Norden manifold.

Definition 1.2. An Anti-Kdhler manifold is an almost anti- Hermitian manifold
(M,g,J) such that J is parallel with respect to the Levi-Civita connection of the
pseudo-Riemannian manifold (M, g).
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Let (M, g, J) be an almost anti-Hermitian manifold. From now on, let us denote
by V the Levi-Civita connection of (M, g) and we denote by (V,J) the covariant
derivative of J in the direction of the vector field X. We recall that

(Vo J)Y =V, JY — JV,Y.

Proposition 1.3 ([3]). Let (M, g,J) be an almost anti-Hermitian manifold. Then,
(M, g,J) is an anti-Kdahler manifold if and only if

(1.2) (VixJ)Y =eJ(VxJ)Y, VXY € X(M),

where € is a real constant.

2. LEFT INVARIANT GEOMETRIC STRUCTURES ON LIE GROUPS

Definition 2.1. A left invariant almost complex structure J on a Lie group G is
called abelian when it satisfies

(2.1) [JX,JY]=[X,Y], VX,Yeg.

Definition 2.2. A left invariant almost complex structure J on a Lie group is
called bi-invariant if it satisfies

(2.2) [JX,Y] = J[X,Y](=[X,JY]), VX,Yeg.

Proposition 2.3. Let (g, J) be a left invariant anti-Kdhler structure on a Lie group
G such that J is an abelian complex structure. Then (G, g, J) satisfies the condition
(2.1), i.e.

(2.3) VixY =—-JVxY, VXY eg.

3. ANTI-KAHLER GEOMETRY ON COMPLEX LIE GROUPS

Proposition 3.1. Let (g, J) be a left invariant almost anti-Hermitian structure on
a anti-Kahler Lie group G where J is a bi-invariant complex structure on G. Then
(G, g,J) is an manifold.

4. ANTI-KAHLER GEOMETRY AND ABELIAN COMPLEX STRUCTURES

Theorem 4.1. Let (g,J) be a left invariant anti-Kdhler structure on a Lie group
G such that J is an abelian complex structure. Then (G,g) is a flat pseudo-
Riemannian Lie group.

Proof. 1t is sufficient to prove that R(X,Y)Z =0 for all XY, Z in g. By the above
proposition, we have R(X,Y)Z = V[X,Y]Z and therefore

R(JX,JY)Z =V[JX,JY|Z = R(X,Y)Z.

While on the other hand, by virtue of the symmetry by pairs of the Riemannian
curvature tensor of (G, g) and (V) =0, R(JX,JY)Z = —R(X,Y)Z and the proof
is completed. ([l

Corollary 4.2. Let (g,J) be a left invariant anti-Kdhler structure on a Lie group
G such that J is an abelian complex structure, then for all X,Y,Z in g

(4.1) [J[X,Y],Z] = J][X,Y], Z].
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Proof.
[J[X,Y],Z] =V xyv1Z - VzJ[X,Y]

;([J[X, Y], Z) - J[JIX,Y], JZ]> + ;([Z, JIX, Y]] - J[Z,J?|X, Y]])

1([J[X, Y], 7] - %J[[X7 Y], Z]) + ;([z, JIX, Y]] + %J[Z, X, Y]])

2

5 % 27[1X,7],2]
= J[[X,Y], Z].
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KILLING VECTOR FIELDS ON PSEUDO-RIEMANNIAN
MANIFOLDS

REZA MIRZAIE

ABSTRACT. We show that the existence of a sufficient number of Killing vector
fields on a compact and connected pseudo-Riemannian manifold yields to the
geodesic completeness of the manifold. We prove that in a compact pseudo-
Riemannian manifold M} with positive timelike curvature and v < 7, each
timelike killing vector field vanishes at a point.

Key words and phrases: Pseudo-Riemannian manifold; Killing vector field.

1. INTRODUCTION

A smooth vector field X on a pseudo-Riemannian manifold M is said to be a
Killing vector field if its flow consists of isometries. The existence of a nontrivial
Killing vector field on M restricts its topology and geometry. An interesting prob-
lem which leads to the study of Killing vector fields is Poincare conjecture stating
that an arbitrary compact connected simply connected metrizable topological 3-
manifold M with the second countability axiom is homeomorphic to the 3-sphere
S3. Tt is proved that the Poincare conjecture is true if and only if every com-
pact connected simply connected three-dimensional smooth manifold M admits a
smooth Riemannian metric with a regular Killing vector field of constant length
[3]. Motivated from many geometric subjects such Poincare conjecture and many
other problems in geometry and physics, study of the Killing vector fields has been
one of the active research areas in differential geometry. One can find many inter-
esting results about Killing vector fields on Riemannian manifolds in the literature.
In the pseudo-Riemannian manifolds beside the problems which have Riemannian
corresponds, many new problems arise. In fact, the causal character of the Killing
vector fields play important roles. For example, a compact Riemannian manifold is
(geodesically) complete. But, contrary to the Riemannian case, a compact pseudo-
Riemannian manifold may be geodesically incomplete. This striking fact motivated
the search of sufficient assumptions under which compactness implies (geodesically)
completeness of such a manifolds. Kamishima proved that a compact Lorentzian
manifold which admits a timelike Killing vector field and has constant sectional
curvature must be complete [9]. In a similar work, Romero and Sanchez general-
ized the theorem and proved that a compact Lorentzian manifold which admits a
timelike Killing vector field must be complete [14] (in fact they proved the theorem
in a more general case where the vector field is conformal). In the present article,
we prove a similar result for pseudo-Riemannian manifolds with arbitrary index.
Also, we consider the isolated fixed points of the isometries, which their infinites-
imal version is the points where a Killing vector field vanishes. Motivated from
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the similar results in Lorentzian manifolds (see [2]), we show that in odd dimen-
sional pseudo-Riemannian manifolds, a Killing vector field has no isolated vanishing
point and if the dimension is even, in any neighborhood of an isolated zero of an
arbitrary Killing field, the field must become spacelike, null and timelike. It is
proved by Bochner [7] that in the compact Riemannian manifolds if the manifold
has negative sectional curvature, then there is no non-trivial Killing vector field.
The pseudo-Riemannian correspond to the negative curvature in the Riemannian
manifolds is positive timelike curvature in the pseudo-Riemannian manifolds. As a
result similar to Bochner’s theorem, we show that in a compact pseudo-Riemannian
manifold with positive timelike curvature, each Killing vector field vanishes at some
point.

2. MAIN RESULTS

Fix throughout this article a (connected) pseudo-Riemannian manifold (M7, g)
and its Levi-Civita connection V. A vector field on M is called a Killing vector
field if for all vector fields Y and Z, ¢(VxY, Z)+g(VzX,Y) = 0. It is proved in [2]
that if a Killing vector field X on a Lorentzian manifold M7* has an isolated zero
at a point p. Then, n is even and in each neighborhood of p there are points at
which X is timelike, spacelike and null. We show (in Theorem 2.4) that a similar
result is true in general for pseudo-Riemannian manifolds ( the ideas of [2] works).

Remark 2.1. Consider the signature matriz of R}, €, the diagonal matriz whose
diagonal entries are €11 = -+ = €,, = —1 and € 41)(w4+1) = *** = €nn = 1. Fach
Killing vector field X on R} is in the form a + S* where, S is a skew adjoint
operator on R (X (p) = a, + S(p)) (see [12] p 253). If X(p) = O for some point
p, then a = 0 and X (p) = S(p) for allp € RY. S is skew adjoint and its matriz
in the standard basis of R obeys the equality 'S = —eSe (see [12] page 235 Lemma
3). Thus, detS = (—1)"detS(dete). Then detS = (—1)"detS, which implies that
for odd numbers n, S is singular and we have zero eigenvalues. Thus, there is a
line L such that X(q) =0 for all g € L.

If in Remark 2.1, n is even, we have the following argument.

Remark 2.2. Suppose that X (p) = 0 and let A be a non-degenerate (affine) sub-
space of R containing p and dim A =n—1. Put Y =tana X, where tans denotes
the normal projection map on A. Y is a killing vector field along A. Since n — 1
is odd then by the above remark, there is a line L on A passing from p such that
Y is zero along L. Then X is normal to A along L. Let W be the unite normal
vector field on A. Parametrize L as a geodesic y(s), s € I. We have along L,
X = f(s)W, where f is a differentiable function on I. Since X is a Jaccobi field
along v, then X" = Rx'. Thus f"(s)W = f(s)Rw,7'. Since the curvature is
zero then g(Rw~y', W) = 0. Thus f"(s) =0 and along L, X = c¢sW for a constant
number c.

We get from the above remarks the following theorem.

Theorem 2.3. Let X be a killing vector field on R and X (p) =0 for some point
D.

(1) If n is odd, then X is zero along a line L passing from p.

(2) If n is even, then for all affine subspaces S containing p, X is normal to S
along a line contained in S and passing from p.
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Theorem 2.4. If p is an isolated zero point of the Killing vector field X on a con-
nected pseudo-Riemannian manifold M), then n is even and in each neighborhood
of p there are points where X becomes timelike, spacelike and null.

Proof. Without lose of generality, we can assume that M = RI(for each point
p € M use the exponential map exp : T,M — M to move the problem from M to
T, M which is equivalent to R]}). By the above theorem (part 1), it is clear that n
must be even. In part 2 of the above theorem, choose S an affine non-degenerate
subspace with index v — 1. Then, the vector field W must be timelike and X will
be timelike along a line in S containing p. If we choose S with the index v, then
W will be spacelike and similarly, by suitable choose of S, X will be null along a
line containing p. ([l

Theorem 2.5. If M is a compact pseudo-Riemannian manifold with v linearly
independent timelike killing vector fields, then M 1is geodesically complete.

Proof. We prove the theorem in the following two steps.

Step 1. Let K, ..., K, belinearly independent timelike vectors in R}, and c1, ..., ¢,
be constant numbers. Let Q@ = {v € R :< v,v >= -1, <v,K; >=¢;,1 <i<v}.
Consider the linear subspace S of R} generated by K1, ..., K, and let e1,...,e, be
an orthonormal basis for S. Then, for some constant numbers a;;, e; = Y ;i K.
Consequently, < v,e; >= Zj ajjcj. Thus, < v,e; > is constant which we denote it
by d;. Consider an orthonormal basis {e,;1,...,e,} for S*. Then {ey,...,e,} is
an orthonormal basis for R? (ey,...,e, timelike, €,41, ..., e, spacelike).
Ifv=>,vie; €Q, then

n v
Q={v=_di,...,dp,Vyg1,.-.,0s): Z v? = —1 +Zd?}.
i=v+1 i=1
—14 Y7, d? is a (positive) constant number which we denote it by c. This means
that © is homeomorphic to the standard sphere {(vy41,...,vn) @ Y1, 07 = ¢}
of R®~%. Therefore, 2 is compact.
Step 2. Let ¢y, ...,c, be constant numbers and put

Q={vel,M: <v,ov>=-1, <uv,K; >=c¢}.
By Step 1, €, is a compact subset of T, M.
Let v: I — M be a unite speed timelike geodesic in M. Since K; is Killing vector
field, < Kj,7/(t) > is constant along v which we denote it by ¢;. Put Q = ¢, Qp.

Since M is compact, then Q is compact. We have {(v(t),7'(t)) : t € I} C Q.
Therefore, v is complete. A similar proof works if v is spacelike or null. O

Theorem 2.6. If M is a compact pseudo-Riemannian manifold with positive
timelike curvature and v < 3, then each timelike Killing vector field must be zero
at least in one point of M.

Proof. Let X be a Killing vector field on M which is nonzero at all points of M.
We will get a contradiction as follows:

Put f: M — R, f(z) =< X(x),X(z) >. Since M is compact, f has a maximum
point p. Since p is a critical point of f, then for all v € T, M, v[f] = 0 which implies
< V,X,X >=0. Thus v € X(p)*. We need the following claim.

Claim: There is a spacelike vector v € X (p)* such that V, X is nonspaclike at p.
Proof of the claim: Suppose that for all v € T,M, V, X is timelike. Without lose
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of generality we can suppose that T,M = R} and X € Rj.

Put S :T,M(=R"") = R”, S(v) =V,X. Wehave dim(kerS) > (n—v)—v > 0.
Then, there is a non-zero spacelike vector v such that v € ker(S) and V,X = 0.
Now, consider the following computations

(2.1) VoV f =2V, <V, X, X >=2<V,V, X, X >4+2<V, X, V, X >.
Since X is Killing, then
(2.2) < V,V,X = R(v, X)v.
So, we get from (2.1) and (2.2) that
VoVef=2< R, X)v,v>42<V,X,V, X >
(2.3) =k, X)(<v,v>< X, X >)+2<V,X,V, X >.

By the above claim, there is a spacelike vector v orthogonal to X at p such that
< V,X,V,X > is nonnegative. Thus, by our assumption on the curvature, (2.3)
yields to V,V, f > 0. Let a be a geodesic with initial velocity v, then

VVof = 4(f o alt))jo

This means that f has local minimum at p, which is in contrast with the assumption
that p is a maximum point for f. O
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GENERALIZED n-RICCI SOLITONS ON KENMOTSU
MANIFOLDS ASSOCIATED TO THE QUARTER SYMMETRIC
NON-METRIC ¢-CONNECTION

SHAHROUD AZAMI AND SAKINEH HAJIAGHASI

ABSTRACT. In this paper, we investigate Kenmotsu manifolds admitting gen-
eralized n-Ricci solitons associated to the quarter symmetric non-metric ¢-
connection. We provide two examples of generalized n-Ricci solitons on a
Kenmotsu manifolds to prove our results.

Key words and phrases: Kenmotsu manifolds; generalized n-Ricci soliton;
quarter symmetric non-metric ¢-connection.

1. INTRODUCTION

The Kenmotsu manifold was introduced by Kenmotsu [8] in 1972 as a new class
of almost contact metric manifolds. Kenmotsu manifolds are very closely related to
the warped product manifolds. In dimensional three, Kenmotsu manifold is locally
modeled on the product of a circle and a hyperbolic plane. The Kenmotsu mani-
fold is characterized by its contact structure, which is a special type of geometric
structure that arises in the study of certain physical systems.

In 1982, Hamilton [7] introduced the notion of Ricci soliton as a generalization
of Einstein metrics and a special solution to Ricci flow on a Riemannian manifold.
A Ricci soliton [0] is a triplet (g, V, ) on a pseudo-Riemannian manifold M such
that Ly g+ 2S5 + 2Ag = 0, where Ly is the Lie derivative in direction the potential
vector field V', S is the Ricci tensor, and A is a real constant.

Motivated by the above studies M. D. Siddiqi [10] introduced the notion of
generalized 7n-Ricci soliton as follows

(1.1) Lyg+2uV’ @V’ +2S +2\g+20m @1 = 0.

Motivated by [2, 3, 9] and the above works, we study generalized n-Ricci solitons
on Kenmotsu manifolds associated the quarter symmetric non-metric ¢-connection.
We give an example of generalized n-Ricci soliton on a Kenmotsu manifold associ-
ated the quarter symmetric non-metric ¢-connection.

2. PRELIMINARIES

A n-dimensional metric manifold (M, g) is said to be a almost contact manifold
[1], with an almost contact structure (¢,&,n,g), if there exist a (1,1)-tensor field
¢, a vector field £ and a 1-form 7 such that

(2.1) P*(X) = X +n(X)&n(E) =1,
(22) 9(¢X, 0Y) = g(X,Y) — n(X)n(Y),
2010 Mathematics Subject Classification. 53C25, 53D15, 53E20 .
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for all vector fields X,Y on M. In this case, we have ¢¢ = 0, no ¢ = 0, and
n(X) = g(X,£). A almost contact manifold M is called Kenmotsu manifold [5], if

(2.3) (Vx9)Y = g(¢X,Y)§ — n(Y)pX,

for all vector fields X,Y on M. In a Kenmotsu manifold, we have
(2.4) Vx§ =X —n(X)g,

(2.5) (Vxn)Y =g(X,Y) — n(X)n(Y),

where V is the Levi-Civita connection with respect to the metric g. Using (2.4)
and (2.5), we find

R(X,Y)§=n(X)Y —n(Y)X, R(X,Y =g(X,Y){—-n((Y)X,

for all vector fields X,Y, Z, where R is the Riemannian curvature tensor. The Ricci
tensor S of a Kenmotsu manifold M is defined by S(X,Y) = >"" , g(R(e;, X)Y, €;)
and we have S(X, &) = —(n — 1)n(X), for all vector field X on M.

Let M be a Kenmotsu manifold and V be the Levi-Civita connection on M.

Then a quarter symmetric non-metric ¢-connection V [4, 5] on M with respect to
Levi-Civita connection V is defined by
(2.6) VxY =VxY —n(X)oY + g(X,Y)¢ = n(Y)X — n(X)Y,

for all vector fields X,Y on M. Let R and S be the curvature tensors and the Ricci
tensors of the connection V, respectively, that is

R(X,Y)Z =VxVyZ-VyVxZ-VixyZ SX)Y)=> g(R(e;,X)Y,e).
i=1

On Kenmotsu manifolds, applying (2.6) and the above relation we find

(2.7) R(X,Y)Z = R(X,Y)Z+9(Y,2)X —g(X, Z)Y +n(Y)n(Z)X —n(X)n(Z)Y,

and

(2.8) S(X,Y) =S5(X,Y) + (n—1)g(X,Y) + (n = D)n(X)n(Y),

for all vector fields X, Y, Z on M, where S denotes the Ricci tensor of the connection
V. Let r and 7 be the scalar curvature of the Levi-Civita connection V and the
quarter symmetic non-metric ¢-connection V. The equation (2.8) implies that

(2.9) F=r+n®—1

The generalized n-Ricci soliton associated to the quarter symmetric non-metric
¢-connection is defined by

(2.10) a§+§ZVg+MV"®Vb+pn®n+>\g=0,

where S denotes the Ricci tensor of the connection V,

(Lvg)(Y,Z) := g(VyV,Z) + g(Y,V,V), V* is the canonical 1-form associated to
V that is V°(X) = g(V, X) for all vector field X, X is a smooth function on M, and
«, B, u, p are real constant such that (a, 8, u) # (0,0,0). Note that

(Lyvg)(X,Y) = Lyg(X,Y) = 2n(V)g(X,Y) — g(X, ¢V )n(Y) — g(Y, ¢V )n(X).
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3. MAIN RESULTS

A Kenmotsu manifold is said to n-Einstein with respect to the quarter symmetric
non-metric ¢-connection if its Ricci tensor S is of the form S = ag+bn®n, where a
and b are smooth functions on manifold. Let M be a Kenmotsu manifold. Now, we
consider M satisfies the generalized n-Ricci soliton (2.10) associated to the quarter
symmetric non-metric ¢-connection and the potential vector field V is a pointwise
collinear vector field with the structure vector field &, that is, V' = f¢ for some
function f on M. Using (2.6) we get

Lieg(X,Y) = (X InY) + (Y )n(X) = 2fn(X)n(Y)),
for all vector fields X,Y on M. Also, we have
(3.1) aS(X,Y) = -Xg(X,Y) + ((n — Do+ Nn(X)n(Y),

which implies aF = A(1 — n) + (n — 1)a.. Therefore, this leads to the following
theorem.

Theorem 3.1. Let (M,g,¢,&,m) be a Kenmotsu manifold. If M admits a gener-
alized n-Ricci soliton (g, V, a, B, i, p, \) with respect to the quarter symmetric non-
metric ¢p-connection such that o # 0 and V' = f& for some smooth function f on M,
then M is an n-FEinstein manifold with respect to the quarter symmetric non-metric
¢-connection.

Now, let M be an n-Einstein Kenmotsu manifold with respect to the quarter
symmetric non-metric ¢-connection and V = £. Then we get S = ag + bn ® n for
some functions a and b on M. Hence, we can state the following theorem.

Theorem 3.2. Suppose that M is a n-Finstein Kenmotsu manifold with respect
to the quarter symmetric non-metric ¢-connection such that S = ag + bn @ n for
some function a and constant b on M. Then manifold M satisfies a generalized
n-Ricci soliton (g, &, o, B, p, —ba— u+ B, —aa) with respect to the quarter symmetric
non-metric ¢-connection.

Now assume that a Kenmotsu manifold with respect to the quarter symmetric
non-metric ¢-connection satisfying the condition R(X,Y).S =0 (or S.R = 0) for
all vector fields X,Y on M. Then from [1], we have S(X,Y) = (n — )n(X)n(Y).
Thus we have the following theorem.

Theorem 3.3. Let M be a Kenmotsu manifold with the quarter symmetric non-
metric ¢-connection satisfy the condition R.S =0 or S.R = 0. Then manifold M
satisfies a generalized n-Ricci soliton (g,§, «, B, u, —(n— 1)a— pu+ 3, 0) with respect
to the quarter symmetric non-metric ¢-connection.

Definition 3.4. Let M be a Kenmotsu manifold with the quarter symmetric non-
metric ¢-connection V. The projective curvature tensor P with respect to the quar-
ter symmetric non-metric ¢-connection on M is defined by

(3.2) P(X,Y)Z = R(X,Y)Z — ﬁ (5(Y.2)X — 5(X, 2)Y).

We have the following theorem.

Theorem 3.5. Let M be a ¢-projectively flat ( or quasi-projectively flat or P.S = 0)
Kenmotsu manifold with respect to the quarter symmetric non-metric ¢-connection.
Then manifold M satisfies a generalized n-Ricci soliton (g,&, a, B, pu, —(n — 1) —
w+ B,0), with respect to the quarter symmetric non-metric ¢-connection.
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Definition 3.6. A vector field V is said to a conformal Killing vector field if
(3.3) (Lvg)(X,Y) =2hg(X,Y),
for all vector fields X,Y , where h is some function on M.

Theorem 3.7. If the metric g of a Kenmotsu manifold satisfies the generalized
n-Ricci soliton (g,V, «, B, 1, p, \) where V is and conformally Killing vector field
with respect to the quarter symmetric non-metric ¢-connection, that is Ly g = 2hg
then ((n — L)a+ Bh+ p+ N)E+ un(V)V = 0.

Definition 3.8. A nonvanishing vector field V' on pseudo-Riemannian manifold
(M, g) is called torse-forming [11], if

(3.4) VxV = fX +w(X)V,

for all vector field X, where V 1is the Levi-Civita connection of g, f is a smooth
function and w is a 1-form.

Theorem 3.9. If the metric g of a Kenmotsu manifold satisfies the generalized
n-Ricci soliton (g,V, a, B, u, p, \) with respect to quarter symmetric non-metric ¢-
connection where V' is the torse-forming vector filed and satisfied in (3.4), then

A= —% alr +1% — 1)+ p+ fuw(V) + —nBy(V) + ulV2| - BF.
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LAPLACIAN COMPARISON ON RICCI SOLITONS

SAKINEH HAJIAGHASI AND SHAHROUD AZAMI

ABSTRACT. We consider a condition on the weighted Ricci curvature involving
vector fields, under this condition we prove Laplacian comparison theorem on
the metric measure space M™.

Key words and phrases: Ricci curvature; metric measure space.

1. INTRODUCTION

Let (M, g) be a complete n-dimensional Riemannian manifold and dy := e~?dV
with ¢ a fixed smooth real-valued function on M. The triple (M, g,du) is called a
smooth metric measure space carries a natural analog of the Ricci curvature, the
so-called m—Bakry—Emery Ricci curvature, which is defined as follows:

Voo Vo
“m—n

Ricy' := Ric + Hessp — (n<m < o).

In particular, when m = oo, Ric;O := Ricy = Ric + Hess¢ is the classical Bakry-
Emery Ricci curvature introduced in [1]. There is also a natural analog of the
Laplacian, called the weighted Laplacian, denoted by Ay = A — V.V, which is a
self-adjoint operator in L?(M,dp). A useful fact is that Ay relates to the Bakry-
Emery curvature via the following weighted Bochner formula, see [3, 4].

1
(1.1) 5Aqﬁ\vuﬁ = |V?u|? + Vu.VAgu + Ricy(Vu, Vu).

Laplacian comparison theorem was established in [5] under a Ricci curvature con-
dition that is modified as follows

Ric + %ﬁ\/g “N-n 1_ ’I’LV® V> =g,
where V is a vector field, n is the dimension of the manifold M, and N is a number
strictly greater than n.
The weighted Laplacian comparison theorem with m—Bakry—Emery curvature stud-
ied in [2]. After that Wei and Wylie in [7] proved the weighted Laplacian comparison
theorem on a smooth metric measure space with bounded co-Bakry-Emery. They
also derived the weighted Myer’s Theorem when

Ricy > (n — 1)K > 0.
Recently, authors in [6] studied Volume comparison and Laplacian comparison the-

orems considering a condition on the Ricci curvature involving vector fields. Their
basic assumption on the Ricci curvature tensor was as follows

1
(1.2) Ric + §£vg > —Ag.
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Here A > 0 is constant and V is a smooth vector field which satisfies the following
condition

K
(1.3) Vily) £ ———,
VW)= G 05
for any y € M. Here d(y, O) represents the distance from a fixed base point O to
y, and K > 0 and 0 < o < 1 are constants. They proved the following Laplacian
comparison theorem.

Theorem 1.1. Assume that on a Riemannian manifold (M, g), (1.2) and (1.3)
hold. Let s = d(y,x) be the distance from any point y to some fized point z, and
v:[0,8] = M as a normal minimal geodesic with v(0) = x and v(s) =y. Then in
the distribution sense

n—1 A\ Cla)K

As — §§s+<V,Vs>+

FE

Motivated by the above theorem, we want to study Laplacian comparison on a
metric measure space M" involving the following Ricci curvature

1
Ricg + iﬁvg,
here Ricg = Ric + Hess¢. We state our main result as follows

Theorem 1.2. Let (M,g,e~?dV) be a smooth metric measure space. Assume that
the following conditions hold on M
1 K
Ri —Lyg > —Ag, v < —.
1C¢ + 2 \ % g | |(y) = d(y,O)a

Here A >0, K >0, and 0 < a < 1 are constants; d(y,O) represents the distance
from O toy for any y € M and fized point O € M. Consider v : [0,s] = M as a
normal minimal geodesic joins x to y. Moreover consider the following condition
on function ¢.

(1.4) [6(y) — d(2)] < K1d(y, 2),
Then the following inequality holds in the sense of distribution
-1 A Cla)K 4K
Aps =T < Zs+ <V, Vs> + (j‘a) =

Here C(«) denotes constant depends on o.

2. PROOF OF MAIN RESULTS

From weighted Bochner formula (1.1), for s = d(z,y), we have
0= |V?Zs]*+ < VAys, Vs > +Ricy(Vs, Vs).
A 2
Since |V2s|? > %, we obtain
7 —

0 (As)?
EAd)S * n—1

< —Ricy(Vs, Vs).
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So

n—1

1
<2

1
2 —
. (s“As) + T (As

0 )2
0Os n—
n— ) 0
— Ricy(Vs, Vs) + 75 <Vs,V¢>.

S

(2.1) <5

Multi-playing both sides of (2.1) by s? and then integrating yields
n—1 1 [%, 1 (5,0
el A tR1C¢(Vs7Vs)+S—2/O t&<Vs7qu>.

Considering orthonormal frame {e;}, with e; =~ (t), we have

As <

Ricy( (£),7'(6)) > —A— 2 < V,7/ (1) > .

ot
Thus
n—1 A 1 2 ’ s s ’
As——— < s+ S"<Viy () > (W) -2 [ t<Viy (1) > di]
0
1 : . s :
Sl < OV > )2 [ 1< (0.96> .
0
In both cases whenever s < dy or s > dy, we can obtain that
2 [° / Cla)K
- t<1/77(t)>dt§@i.
s“ Jo s«
On the other hand by (1.4), we obtain
2 [F / 4K,
?’Ot<7“%v¢>ﬁ§skw
this completes the proof. O
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THE SIZE OF QUASICONTINUOUS MAPS ON KHALIMSKY
LINE

FATEMEH AYATOLLAHZADEH SHIRAZI AND NIMA SHIRINBAYAN

ABSTRACT. In the following text we show if D is Khalimsky line (resp. Khal-
imsky plane, Khalimsky circle, Khalimsky sphere), then for topological space
X we show the collection of all quasicontinuous maps from D to X has cardi-
nalirty card(X)o.

Key words and phrases: Khamilsky circle; Khamilsky line; quasicontinu-
ous.

1. INTRODUCTION

Quasicontinuity is one of the weaker forms of continuity. In topological spaces
Y, Z:
e ZV denotes the collection of all maps from Y to Z,
e Q(Y, Z) denotes the collection of all quasicontinuous maps from Y to Z,
o C(Y,Z) denotes the collection of all continuous maps from Y to Z.

There wesay f : Y — Z is quasicontinuous at y € Y, if for each open neighbourhood
G of y and open neighbourhood H of f(y), there exists nonempty open subset W
of G such that f(W) C H. Also we say f : Y — Z is quasicontinuous if f is
quasicontinuous at each point of Y [2]. Tt is clear that C(Y,Z) C Q(Y,Z) C ZY.
By Khalimsky line we mean Z = {0, £1, £2,...} equipped with topological base

{{2n+1}:n e Z}U{{2n—-1,2n,2n+1} : n € Z} [1]. Let’s denote Khalimsky line
by K and:

{2k + 1} n=2k+1€2Z+1,

V(n) =

{2k — 1,2k, 2k + 1} n=2ke2,
then V(n) is the smallest open neighbourhood of each n € K. We call X2, Khalim-
sky plane.

Let’s mention Ry = card(N) denotes the least infinite cardinal number.
In this text we compute the cardinality of Q(C, X).

2. QUASICONTINUOUS MAPS ON KHALIMSKY LINE AND KHALIMSKY PLANE

In this section we show card(Q(K", X)) = card(X)®° for each topological space
X.
Theorem 2.1. For topological space X, k € Z, and f: K — X,

1. f is quasicontinuous at 2k — 1,

2010 Mathematics Subject Classification. 54C35, 54D05 .
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2. if there exzists i such that f(2k) = f(2k + (=1)%), then f is quasicontinuous
in 2k,

3. in metric space (X,d) if [ is quasi continuous at 2k, then there exists i
such that f(2k) = f(2k + (=1)%).

Proof. (1) 2k — 1 is an isolated point of K, so any map on K is continuous (quasi-
continuous) at 2k — 1.

(2) Suppose there exists i such that f(2k) = f(2k + (—1)%), G is an open neigh-
bourhood of 2k and H is an open neighbourhood of f(2k), then

W= {2k + (-1)"} C V(2k) C G,
and W is a nonempty open subset of GG, moreover
FW) = {2k +(-1))} = {f(2k)} C H.

Thus f is quasicontinuous at 2k.

(3) For metric space (X, d) suppose f is quasicontinuous at 2k. For each n > 1
there exists nonempty open subset W,, of V(2k) such that

1
FWa) € {z € X+ d(x, f(2k)) < —}.
All nonempty open subsets of V(2k) are V(2k) = {2k — 1,2k, 2k + 1}, {2k — 1} ,
{2k +1}. Hence, 2k —1 € W,, or 2k +1 € W,,. Therefore there exists j, € {—1,1}
1
with 2k + j, € W,, and d(f(2k), f(2k + jn)) < —. The sequence {2k + j, }n>1 has
n >

at least one of the constant subsequences {2k + 1}m>1 or {2k — 1}n>1.
Suppose {2k + (—1)'},>1 is the constant subsequence of {2k + ju}n>1. So
f(2k) = nh—>H;o f2k +jn) = 77}i_l)noof(Zk + (-=1)*) = f(2k + (—1)*) which completes
the proof. O
Theorem 2.2. In topological space X we have
card(Q(K, X)) = card(X)®° .
In particular for infinite countable X,
card(Q(K, K)) = card(Q(K, X)) = R§°o = 2%,
and card(Q(KC,R)) = (280)Ro = 2%o,
Proof. Suppose & = {z, }nez is a bisequence in X, by Theorem 2.1, fg : K = X
with fg(2k — 1) = fe(2k) = zi, (k € Z) is quasicontinuous. Therefore
card(Q(K, X)) > card{S : & is a bisequence in X }
= card(X?) = card(X)*4?) = card(X)No .
On the other hand

(X*2Q(K, X))
card(X)™ = card(X*) > card(Q(K, X)),

which completes the proof by Schroder-Bernstein theorem. ([l

Corollary 2.3. If X is a totally disconnected space (e.g., Cantor set or discrete
space), then C(IC, X) is just the collection of constant maps, therefore card(X) =
card(C(K, X)). In particular for D € {Z,N,Q}, we have

card(C(K, D)) = card(D) = Ry < 2% = card(Q(K, D)) .
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Theorem 2.4. For j € Z let
i jem+1,

j—1 je2z,

then for each (ay,...,a,) € K™ (equipped with product topology), topological space
X, and f : K" — X we have
1. V(ay) x --- x V(ay,) is the smallest open neighbourhood of (ai,...,an),
2. {(af,...,ak)} is an open subset of V(ay) x -+ x V(ay),
3. if f(ar,...,an) = f(af,...,ak), then f is quasicontinuous at (ay,...,an),
4. card(Q(K™, X)) = card(X)* (= card(X *")).

Proof. (1, 2) Use properties of product topology.

(3) Use a similar method described in Theorem 2.1.

(4) (2Z 4 1)™ is infinite countable, so we may suppose (2Z + 1)" = {u,us,...}
with distinct w;s. Suppose & = {z;};en is an arbitrary sequence in X, by item (3),
fe : K" — X with fe(a1,...,an) = z (where k¥ € N and (af,...,a}) = ug)
is quasicontinuous. Using a similar method described in Theorem 2.2 | we have
card(Q(K"™, X)) = card(X)N. O

3. QUASICONTINUOUS MAPS ON KHALIMSKY CIRCLE AND KHALIMSKY SPHERE

In topological space W suppose co ¢ W and let A(W) := W U {oo}. Consider
A(W) with topology

{U CW : U is an open subset of W}U{U C A(W) : W\U is a closed compact subset of W},

we call A(W) one point compactification or Alexandroff compactification of W [3].
One point compactification of Khalimsky line is called Khalimsky circle and one
point compactification of Khalimsky plane is called Khalimsky sphere. In this
section we show card(Q(A(K™), X)) = card(X)™° for each topological space X and
n > 1.

Remark 3.1. Forn > 1, compact subsets of K™ are finite. Suppose E is a compact
subset of K™, thus {V(a1) x --- x V(ay) : (a1,...,a,) € E} is an open cover of E,
hence there exists finite subset G of E such that

EC U{V(al) XX V(ay) : (a1,...,apn) € G},
since V(ay) X --+ x V(ayp)s and G are finite, E is finite too.

Theorem 3.2. card(Q(A(K™), X)) = card(X)® for topological space X and n >
1.

Proof. Using the same notations as in Theorem 2.4 for each sequense & = {z; };en
in X, define gg : K" — X with

zp a= (a1, - ,a,) €K",  (af,---,a}) =ug,ai >0,
go(@)={ o a= (o, an) €KY, 0 <0,

r1 a=00,

then for a € A(K™), we have the following cases.
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e a=(ay,...,a,) € K" in this case for each open neighbourhood U of a and
open neighbourhood V' of gg(a), V(ai) x - -+ x V(a,) is the smallest open
neighbourhood of a and W := {(a},...,a%)}(C V(a1) X .-+ x V(a,) CU)
is a nonempty open subset of U, also

96 (W) ={gs(a1,...,a,)} = {gs(a1,...,an)} SV,
therefore in this case gg is quasicontinuous at a,

e a = oo: in this case for each open neighbourhood U of a and open neigh-
bourhood V' of gs(a) = u1, by Remark 3.1 there exists finite subset H
of K such that U = A(K™) \ H, therefore there exists p,q > 1 such that
(2p+1,...,2p+1) = uy € U in particular W :={(2p+1,...,2p+ 1)} is a
nonempty open subset of U and

96(W) ={9s(2p+1,....2p+ 1)} ={ur} = {gs(0)} C V.
Thus g is quasicontinuous at a = oo in this case.
Using the above cases gs : K" — X is quasicontinuous.

Thus
card(Q(A(K™), X)) > card{gs : Gis a sequence in X}
= card{G : Gis a sequence in X'}
= card(X") = card(X)™ .
Using a similar method described in Theorem 2.2 completes the proof. (I

4. CONCLUSION

For Khalimsky line K, Khalimsky plane K2, Khalimsky circle A(K), Khalimsky
sphere A(K?) and topological space X we show the collection of all quasicontinuous
maps from K (resp K2, A(K), A(K?)) to X has card(X)™ elements. In particular
for countable X with at least two elements, Q(/C, X) (the collection of all quasicon-
tinuous maps from K to X) is uncountable.
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ABSTRACT. Let C.(X) be the functionally countable subalgebra of C(X). Al-
most C P-spaces investigate algebraically and topologically and we characterize
some equivalent conditions with almost CP-spaces.

Key words and phrases: CP-space; almost C' P-point; almost C P-space.

1. INTRODUCTION

Let C(X) (C*(X)) be the ring of real-valued continuous (bounded) functions
on a space X. All topological spaces in this article are Tychonoff. The subalgebra
C*(X) of C(X) has an important role in the study the relation between topolog-
ical properties of X and algebraic properties of C(X). It is shown that, for any
topological space X, C*(X) = C(8X), (BX is the Stone—Cech compactification of
X). So C*(X) is a type of C(X). Karamzadeh et al. introduced and studied the
subring C.(X) of C(X), consisting real-valued continuous with countable image
and turns out that C.(X) is not isomorphic to any C(Y') in general, see [3], [2], and
[1]. For each f € C.(X), zero-set of f, denotes by Z.(f) and X \ Z.(f) = coz.(f)
is the cozero-set of f. The set of all zero-sets of f (cozero-sets of f) is denoted by
Z.(X) (Coz.(X)). All topological space X that have a base of clopen sets is called
zero dimensional. Banaschewski has shown that every zero dimensional space X
has a zero dimensional compactification, denoted by By X. vX denotes the Hewit
real compactification and for a zero dimensional space X the counterpart of vX is
voX. A subset S of X is called C*-embedded in X if for each f € C¥(S) there
exists f € C*(X) such that f|s = f. A space X in Y is Z.-embedded if for each
7Z € Z.(X), there exists a set H in Z.(Y) such that H N X = Z. We recall that
Mep = {f € Ce(X) = p € Z(f)} and Ocp = {f € Ce(X) = p € intx(Zc(f))}-
p € X is called an almost C'P-point if for each f € M.y, intx(Z.(f)) # 0. X is
called an almost C'P-space where each point of X is an almost C' P-point. Clearly
each almost P-space is almost CP-space but the converse is not necessarily true.
R with the usual topology is not an almost P-space but it is a C' P-space and con-
sequently it is an almost C' P-space. It is shown that each zero dimensional almost
C P-space is almost P-space.

2. ALMOST C P-SPACES

In this section we investigate almost C P-spaces topologically and algebraically.

Proposition 2.1. If X is a countably completely regular and almost C'P-space,
then each nonempty Gs-set in X has a nonempty interior.
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In the next proposition the equivalent conditions with almost C'P-space are
characterized for C.(X).

Proposition 2.2. Let X be a countably completely reqular space, then the following
statements are equivalent.

(1) X is an almost CP-space.
2) For each f € C.(X), if Zo(f) # 0, then intx Z.(f) # 0.
) Foreach g € C.(X), Z.(g) is a reqular-closed set (i.e., Z.(g) = clxintx Z.(g)).
) If A is a Gs-set, then intx A is dense in A.
) Each non invertible element in C.(X) is a zero divisor.
) For each f € Co(X), there exists h # 1 such that f = h%f.
)

UpeX OCP = UpEX MCP'

Lemma 2.3. Let X be an almost C P-space where T is a dense subset of X and Z
is a zero-set in X. Then clx (intx(Z)) = clx (intx (ZNT)).

(
(3
(4
(5
(6
(7

Definition 2.4. An element f € C.(X) is called a regular element (non-zero
divisor) in Co(X) if fg = 0 and g € C.(X) implies that g = 0, equivalently
intxZ.(f) = 0. An ideal I of C.(X) is called regular if it contains a regular
element. [ is reqular in C.(X) if and only if X \ Z.(f) = coz.(f) is dense in
X.

Theorem 2.5. Let X be a topological space, then the following statements are
equivalent.

(1) X is an almost CP-space.

(2) For a zero dimensional space X, voX is an almost C'P-space.

(3) Each dense Z.-embedded subspace of X is C.-embedded in X .

(4) Each regular element in C.(X) has an inverse element in C.(X).
(5) C.(X) has no proper regular ideal.

Corollary 2.6. Let X and Y are topological spaces and C.(X) = C.(Y). If X is
an almost C P-space, then Y is also an almost C P-space.

From [5], we know that a zero dimensional space X is pseudocompact if and only
if BpX = vpX, so we have the next corollary.

Corollary 2.7. Let X be a zero dimensional topological space, then By X is an
almost C'P-space if and only if X is a pseudocompact and almost C' P-space.

We recall that an ideal I in a ring R is a z°-ideal if it consists of zero divisors
and for each a € I, P, C I, where P, is the intersection of all the minimal prime
ideal of R containing a. The z°-ideal in C.(X) is denoted by z2-ideal. Clearly each
ideal P, for any a € C.(X) is a z2-ideal, which is called basic z2-ideal. The next
result, which is an algebraic characterization of almost CP-spaces, immediately
shows that the sum of z2-ideals in C.(X), where X is an almost C P-space, is either
a zJ-ideal or the whole of C.(X).

Theorem 2.8. The following statements are equivalent.

(1) X is an almost CP-space.

(2) Every zc-ideal in C.(X) is a z2-ideal.

(3) Ewery mazimal ideal (resp., prime z.-ideal ) in C.(X) is a z2-ideal.
(4) Ewvery mazimal ideal in C.(X) consists entirely of zero divisors.
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(5) The sum of any two ideals consisting of zero diwvisors is either C.(X) or
consists of zero divisors.

(6) For each non-unit element f € C.(X), there exists a nonzero element g €
C.(X) with Py C Ann(g).
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ABSTRACT. Let X be a Hausdorff topological space if every nonempty open
set of X contains a nonempty set with A-compact closure, X is called almost
locally A-compact. It is shown that every locally A-compact Py-space is an
almost locally pu-compact space, for some g < A. It turns out that a locally
A-compact and A-pseudo discrete space X is a A-discrete space.

Key words and phrases: A-compact; locally A-compact; A-pseudo discrete.

1. INTRODUCTION

Throughout this article all topological spaces X are infinite completely regular
Hausdorff (i.e., Tychonoff) unless otherwise mentioned and all nonzero ring homo-
morphisms carry the identity to the identity. We recall that a topological space X
(not necessarily Hausdorft) is said to be A-compact whenever each open cover of X
can be reduced to an open cover of X whose cardinality is less than A\, where ) is
the least infinite cardinal number with this property. We note that compact spaces
(resp., Lindelof noncompact spaces) are Ro-compact (resp., Rj-compact spaces) and
in general every topological space X is A-compact for some infinite cardinal num-
ber A. It is also observed, in [1] that given any infinite cardinal number A there
exists a space Y which is A-compact and if A > Ny is a regular cardinal, then Y
is a P-space too (note, there are no infinite compact P-spaces). We recall that
an ideal Tof C'(X) with g(I) > X to be A-fixed, where X is an infinite cardinal
number, whenever each subideal A of I with g(A) < A, is fixed, see [4]. In [0], it
turns out that X is a A-compact space if and only if every A-fixed ideal in C(X)
is fixed and A is the least infinite cardinal number with this property. Conse-
quently, X is compact if and only if every Ny-fixed ideal is fixed. Let A be any
infinite cardinal number and X be a topological space. We remind the reader that
X is called a Pj-space if whenever {G; : i € I} with |I| < A is a collection of
open sets in X, then G = (,c; G; is open too. Clearly every topological space
is a Py, -space, and X is a P-space if and only if X is a Py,-space. Almost lo-
cally A-compact spaces are introduced and investigated. Let X be a topological
space, we put Cx (X) ={f € C(X) : (X \ Z(f)) is A-compact}. In particular,
Crxo(X) = Cg(X). It is shown that Ck A(X) is a free ideal if and only if X
is locally A-compact but not compact. The reader is referred to [3] for undefined
terms and notations.

2. MAIN RESULTS

Recall that a topological space X is called A-compact if each open cover of X
can be reduced to an open cover whose cardinality is less than A\, where A is the
least infinite cardinal number with this property, see [6].

2010 Mathematics Subject Classification. 54A25, 54C30, 54D60 .
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Definition 2.1. A Hausdorff space X is called almost locally \-compact if every
nonempty open set of X contains a nonempty set with A-compact closure.

We remind the reader that almost locally Ng-compact space is called almost
locally compact space, see [2]. A Hausdorff space X is said to be locally A-compact
if every point in X has a A-compact neighborhood, see [6]. If © < A, then every
p-compact subspace of a Py-space is closed, see [6].

Proposition 2.2. Every locally A\-compact Py-space is an almost locally p-compact
space, for some u < \.

Proof. Suppose that X is a locally A-compact space, then for every x € X there
exists a A-compact neighborhood U,.. If A is a nonempty open set of X and x € A,
there exists an open neighborhood V,, that containing x where z € V, C A. Put
G=U,NV,sox € G and G is an open subset of A. Since U, is a A-compact set of
a Py-space X we infer that U, is closed. cl(G) C cl(U,) = U, and U, is A-compact,
so cl(G) is p-compact for some p < A and the proof is complete. O

Let X be almost locally A-compact and Y be an open subspace of X. If A be
a nonempty open subset of Y, then A is open in X and consequently there exists
a nonempty set G where clx(G) is A-compact and G C A. cly(G) C clx(G), so
cly (G) is p-compact for some p < A. Now, we can give the following fact.

Proposition 2.3. Every open subspace of an almost locally A-compact space is an
almost locally p-compact space for some pu < .

Definition 2.4. A topological space X is said to be a \-pseudo discrete space if
every A-compact subset of X has interior of cardinality less than X\, where X\ is the
least infinite cardinal number with this property.

Ro-pseudo discrete space is called pseudo discrete space, see [1]. Clearly, if every
A-compact subset of X has cardinality less than A then X is a A-pseudo discrete
space and in particular, every P-space is a pseudo discrete space. The next two
results are the counterparts of facts in [2].

Proposition 2.5. Every open subspace of a A-pseudo discrete space is \-pseudo
discrete space.

Proof. Suppose that X is a A-pseudo discrete space and Y is an open subspace
of X. If A is a A-compact subset of Y, then A is a A-compact subset of X and
lintx (A)|] < A. We know intx (A) = inty (A)Nintx (Y) = inty (A) hence the proof
is complete. ([l

We recall that a point x € X is called M-isolated if it has a neighborhood with
cardinality less than A, and Ix(X) is denoted the set of A-isolated points of X. A
topological space X is said to be A-discrete if every point of X is A-isolated i.e.,
I(X) = X, see [0].

Proposition 2.6. FEvery locally A-compact and A-pseudo discrete space is a A-
discrete space.

Proof. Since X is locally A-compact we infer that x € X has a neighborhood V
where ¢l(V) is A-compact. The definition of A-pseudo discrete implies that the
interior of ¢l(V) has cardinality less than A\ and consequently |[V| < A i.e., z has a
neighborhood with cardinality less than A. Therefore X is A-discrete. O
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Definition 2.7. A topological space X is said to be a A-pseudo space if every A-
compact subset of X has cardinality less than .

We recall that Ng-pseudo space is called pseudo finite space, see [5]. Clearly,
every subspace of a A-pseudo space is a A-pseudo space.

Example 2.8. Fvery \-pseudo space is A-pseudo discrete but the converse is not
true in general. For instance, we consider the free union of a discrete space D and
the rational numbers set Q, it is a pseudo discrete space which is not pseudo finite.

We put Cxa(X) = {f € C(X) : (X \ Z(f)) is A-compact}. In particular,
Cr o (X) = Cg(X).

Theorem 2.9. Ck (X)) is a free ideal if and only if X is locally A-compact but
not compact.
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ABSTRACT. Let L.c(X) denote the locally countable subalgebra of C'(X) whose
local domain is cocountable. We investigated the real maximal ideals of
Lee(X). For a maximal ideal M in Lec(X) it is shown that M is real if
and only if Z;.[M] is closed under countable intersection if and only if Z;.[M]
has the countable intersection property.
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1. INTRODUCTION

In [2] and [1] the subalgebra C.(X) (C*(X)) of C(X), consisting of all (resp.,
bounded) functions with countable image is introduced and studied. In contrast to
C*(X), C.(X) enjoys some nice algebraic properties of C'(X), which are not usually
satisfied by C*(X). Motivated by the fact that C.(X) is the largest subring of
C(X) whose elements have countable image, the subring L.(X) of C'(X) which lies
between C.(X) and C(X) is introduced in [4]. Let f € C'(X), then its local domain,
which is denoted by CY, is defined by Cy = |J{U|U is open in X and |f(U)]| < Ro}.
We recall that L.(X) is the ring of all continuous functions that its local domains
are dense in X. This subring naturally leads us to consider a new subring of C'(X),
namely L..(X), which lies between C.(X) and L.(X). Our aim in this article is
to study Le.(X) further and try to record some facts about L..(X) and indicate
the relations between topological properties of X and the algebraic properties of
Leo(X). Let Leo(X) = {f € C(X) : | X\ Cf| < Ng}, where Cy is the union of
all open subsets U C X such that [f(U)| < Rg. In [5], it is shown that L..(X)
enjoys most of the important properties which are shared by C(X) and C.(X).
For a topological space X, we denote by Z;.(X) the set of all zero-sets of L..(X).
Whenever C(X)/MP = R, then M? is called real, else hyper-real and vX is
in fact the set of all p € X such that MP is real. For an element f of C(X),
the zero-set (resp., cozero-set) of f is denoted by Z(f) (resp., Coz(f)) which is
the set {x € X : f(x) = 0} (resp., X \ Z(f)). We use Z(X) (resp., Coz(X)) to
denote the collection of all the zero-sets (resp., cozero-sets) of elements of C'(X).
Similarly, Z;.(X) (resp., Coz.(X)) is denoted the set {Z(f) : f € Leo(X)} (resp.,
{Coz(f): f € Lee(X)}). A zero-dimensional topological space is a Hausdorff space
with a base consisting of clopen sets. We refer to [3], [2], and [1] for any notation
and terminology unfamiliar to the reader. Throughout this article all topological
spaces are assumed to be infinite completely regular and Hausdorff (unless otherwise
mentioned).
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2. MAIN RESULTS
Definition 2.1. [5, Definition 3.1] Let f € C(X) and Cy be the union of all open
sets U C X such that f(U) is countable, i.e.,
Cy =U{U|U is open in X and |f(U)| < Ro}.
We call Cy the local domain of f and denote by L..(X) the set of all f € C(X)
whose local domain is cocountable, i.e.,
Lee(X)={f € C(X):|X\Cf| <Ro}.

It is obvious that L..(X) is a subring of C'(X) containing C.(X). In fact L..(X)
is a subalgebra as well as a sublattice of C(X) and we call it the co-locally func-
tionally countable subalgebra of C(X).

We remind the reader that a Hausdorff space X is called co-locally countable

completely regular (briefly, lcc-completely regular) if whenever F' C X is a closed
set and x € X \ F, then there exists f € L..(X) with f(F) =0 and f(z) = 1, see

[5]-
It is shown that in studying L..(X) the space can be consider co-locally countable
completely regular.

Definition 2.2. [5, Definition 3.6] Let f € C(X) and C| be the union of all open
sets U C X such that f(U) is finite, i.e.,
C’f = U{U|U is open in X and |f(U)| < Np}.
Denote by L.p(X) the set of all f € C(X) such that C’Jlf is cocountable, and call it
co-locally functionally finite subalgebra of C(X), i.e.,
Lep(X) = {f € C(X) : [X\Cf| < No}.
In a special case, for f € C(X) let C§ be the union of all open sets U C X such
that f(U) is constant, i.e.,
C¢ =U{U| U is open in X and |f(U)| = 1}.
We define Le1(X) to be the set of all f € C(X) such that C§ be cocountable in X,
and call it co-locally functionally constant subalgebra of C(X), i.e.,
L (X) ={f € C(X) : [X\CF| < Ro}.

Clearly, L.r(X) and L. (X) are subalgebra of L..(X).

Definition 2.3. A maximal ideal M in L..(X) is called real if L”T(X) = R and if
not real, it is called hyper-real.

Proposition 2.4. Let M be a mazimal ideal in L..(X) and f € L..(X). Then
|M(f)| is infinitely large if and only if f is unbounded on every zero-set of Z;.[M].

Proposition 2.5. Let f € L..(X) then f is unbounded on X if and only if |M(f)|
is infinitely large for some mazimal ideal M in L..(X).

Proposition 2.6. Let X be zero-dimensional, then f is unbounded on every non-
compact zero-set of Zi.(X) if and only if |M(f)|is infinitely large for every free
mazimal ideal M in L..(X).

Proposition 2.7. If M is a mazimal ideal in L..(X), then M is hyper-real if and
only if |M(f)| is infinitely small for some f € Le.(X).

Proposition 2.8. Every mazimal ideal in L..(X) and Lep(X) is real.
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Proposition 2.9. Fvery fized mazimal ideal in L..(X) is real.
We remind the reader that L% (X) = C*(X) N Le(X).

Proposition 2.10. If M is real mazimal ideal in L..(X), then M N L*.(X) is a
real mazimal ideal in L% (X).

Proposition 2.11. If M is a mazimal ideal in L (X), then M N L.p(X) is a real
mazimal ideal in L.p(X).

An ideal M in L}.(X) is maximal if and only if it is a contraction of a maximal
ideal in C*(X). Consequently the maximal ideals in L’ (X) are M’ = {f €
L:.(X): fP(p) = 0} where p € BX.

Proposition 2.12. Let M be a mazimal ideal in L..(X), then M is real if and
only if M N L:.(X) is a mazimal ideal in L% (X).

Proposition 2.13. Let M be a mazimal ideal in L..(X), then M is real if and
only if Zi.[M] is closed under countable intersection if and only if Z;.[M] has the
countable intersection property.
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GENERALIZED POWER SERIES FIELD WITH ORDER
TOPOLOGY

PARISA ABBASPOUR AND JAFAR SADEGH EIVAZLOO

ABSTRACT. We will be dealing with the ordered field of generalized power
series, [[R%]], and will prove that the field of real rational functions, R(z), is
dense in it. As a corollary, the field R(z) is not dense in its real closure.

Key words and phrases: generalized power series; real closed field, Scott
complete, real closure.

1. INTRODUCTION

For any ordered field I and ordered abelian group G, the set [[F¢]] of all func-
tions G — F whose supports are well ordered in G equipped with pointwise sum
and Cauchy product (f1f2)(9) = 32,1, f1(i)f2(j) (a finite sum by the condition
on the supports) forms a field. It can be ordered by comparison of values at the
minimum of support of the difference. Elements of [[F“]] can also be thought of
as those formal power series > . f(g)tY which have well ordered supports. The
indeterminate t is taken to be a positive F-infinitesimal. Indeed,

[[FC]] = { Z aqt? | the support {glagy # 0} of Z agt? is well ordered }
9eG e

It is ordered by > geG gt? >0 if ag, > 0, where g¢ is the minimum of support
of 3 cq agt?. Then, [[F @] is equipped with the interval topology induced by the
defined order.

An ordered field R is called real closed if every nonnegative element of R has
a square root in R, and for every P(z) € R[z] with odd degree, P(x) = 0 has a
solution in R. For every ordered field F, there is an ordered field E which is the
unique real closed ordered field that extents F'. This real closed field which is called
the real closure of F, is denoted by RC'(F'). The real closure of the ordered rational
field Q is the real algebraic numbers Q. By [2] (6.10), the generalized power series
field [[F'“]] is real closed if and only if F is so and G is divisible. For example,
[[RY]] is real closed, while the Laurent series ordered field [[RZ]] is not.

A cut of an ordered field F' is a subset C' C F' which is downward closed in it. A
cut C is a gap if it does not have a least upper bound in the field. An ordered field
without any gap is called Dedekind complete. A gap C' C F is called regular if for
any € € [0, there exist a € C and b € F'\ C such that b — ¢ < e. An ordered field
without any regular gap is called Scott complete. It was proved in [3] (Theorem 1),
that any ordered field F' has a (unique up to an isomorphism of ordered fields which
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is identity on F) Scott completion. It is characterized by being Scott complete and
having F' dense in it.
We recall the following theorem from [1].

Theorem 1.1. For any ordered abelian group G and ordered field F, the generalized
power series field [[F€]] is Scott complete if and only if F is so.

For example, the Laurent series ordered field [[R?]] is Scott complete.
Furthermore, the real closure and Scott completion of an ordered field F' are
related by the following theorem.

Theorem 1.2. The ordered field F is dense in RC(F) if and only if its Scott
completion is real closed.

For proof, see [3] (Theorem 2).

2. MAIN RESULTS

Definition 2.1. Let F be a field and G an ordered abelian group. A valuation on
a field F is a function v : F — G U {oo} with following properties.

(1) v(a) =0 if and only if a = oo,

(2) v(ab) = v(a)+ v(b),

(3) v(a+b) > min{v(a),v(d)}, with equality if v(a) # v(b).
Then, F' is called a valued field with the valuation v and the valuation group G.

Remark 2.2. Recall that the generalized power series field [[F€]] is a valued field
with the valuation ”(dec agt9) = go, where go is the minimum of all g € G such
that ay # 0.

The field of real rational functions, R(¢), is an ordered field with the order <
induced from (R, <) and ¢ < R as a positive infinitesimal. This ordered field is an
ordered subfield of the Laurent series ordered field [[RZ]]. In the following theorem,
we show that R(t) is dense in [[RZ]].

Theorem 2.3. R(t) is dense in [[RZ]].

Proof. Let a =3 g agt? and b=} ;bgt? be two elements in [[RZ]] such that
0 < a < b. Then we have the following two cases.

Case i) v(b) < v(a). In this case, b,y > 0 and for every element r € R such
that b, > r > 0 we have a < rt*(®) < b. Notice that rt"(") € R(¢).

Case ii) v(b) = v(a) := g. In this case, 0 < ayq) < by(p). Then, for every
element 7 € R with a,(q) <7 < by(p), we have a < rt9 < b while rt9 is in R(¢). O

It is clear that R(t) is a proper subfield of [[R%]]. So there exists an element
a € [[RZ]] \ R(t). Then the set C := {b € R(t)|b < a} is a gap in R(¢). As R(t) is
dense in [[RZ]], the gap C'is regular. So the ordered field R(¢) is not Scott complete.
Indead, we have the following conclusion.

Corollary 2.4. The Scott completion of the ordered field R(t) is the Laurent series
ordered field [[RZ]].

Proof. As R(t) is dense in [[RZ]] which is Scott complete by Theorem 1.1, [[RZ]] is
the Scott completion of R(%). O

Corollary 2.5. The ordered field R(t) is not dense in its real closure.
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Proof. The Laurent series ordered field [[R?]] is not real closed, e.g. the positive
infinitesimal ¢ does not have its square root in [[RZ]]. So the Scott completion
of R(t) is not real closed. Thus, by Theorem 1.2, R(¢) is not dense in its real
closure. (]
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FINDING GENERALIZED SYMMETRIES OF NC-BURGERS
EQUATIONS USING MASTER’S SYMMETRY.

MEHDI JAFARI AND MOJDEH GANDOM

ABSTRACT. In this paper, we propose using generalized symmetries as an alter-
native to recursion operators for infinite hierarchies of symmetries in evolution
equations. ”Master symmetries” are generalized vector fields that produce
new symmetries when combined with existing ones. They can be used to solve
problems like the non-commutative Burgers equations.

Key words and phrases: Master symmetry ;nc-Burgers ; Generalized Sym-
metries.

1. INTRODUCTION

Basically, the calculation of generalized symmetries of a certain system of dif-
ferential equations is done like the calculation of geometric symmetries, but with
this process that we must first put the symmetry in an evolutionary form. Then
the order of derivatives on which the characteristic Q(a:,u(”)) may depend must
be predetermined. The basic trade-off in this context is that the more derivatives
of uw on which @ depends, the more generalized symmetries are found, but on the
other hand, this solution is long and tedious, whereas for surface symmetries higher
will be more boring and it takes time. Because the set of generalized symmetries
is a non-degenerate system of differential equations, it forms a Lie algebra. Use
this result to construct new symmetries and obtain the master symmetry for non-
commutative Burgers equations.

2. PRELIMINARIES

Let x = (x',...,2P) independent variables, and u = (u',...,u?) the dependent
variables in our problem.

Definition 2.1. A vector field v (as shown below) is defined as a generalized vector
field in which, in addition to independent and dependent variables, their derivatives
also appear.

0O )
2.1 = ' -
( ) v ;g[u]axz+;¢a[u]aua’
such that £ and ¢, are smooth differential functions.

Definition 2.2. suppose v is generalized vector field, then if for every smooth
solution u = f(x) and

(2.2) Al = Ay (z,u™) =0, v=1,2,...,1
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be satisfied in the following relationship.
(2.3) pro[A,] =0, v=1,2,...,L

In this case v is a generalized infinitesimal symmetry of a system of differential
equations.

Definition 2.3. assume g-tuple of differential functions such that
Qlu] = (Q1[ul, ..., Qq[u])eAl.

then the generalized vector field vg is called an evolutionary vector field if and only
if vg be defined as follows, and Q is called its characteristic

(2.4 vo = Qulul

Theorem 2.4. Ifv is a symmetry of a system of differential equations, then vg s
its evolutionary representative.

3. THIRD ORDER GENERALIZED SYMMETRIES

Consider non-commutative Burgers equation as follows:
(3.1) Up = Ugy + 2Uly.

We want to calculate all generalized third-order symmetries of the above equation
Considering the infinitesimal generator in evolutionary form v = Q9,, and consid-
ering Q = Q(x,t, u, Uy, Ugy, Uzesr) and according (2.2) to we will have

(3.2) D;Q = D?Q + 2uD,Q + 2u,Q.
By using (3.1) and its prolongations, we can substitute any ¢ derivatives of u in
solutions .i.e

Up = Ugy + 2Uly,

Uty = QUi + 2uumz + Ugzs,

Ut = 8uwzua: + 8uui + 4u2uwm + 4uua:a:w + Uzzza,
Utgr = OUzaUs + 2Ulgze + Uzzzx,

After examining (3.2), we can identify u’s derivative coefficients in descending order.
Finally we conclude that every third order generalized symmetry of the nc-Burgers’
equation has a linear, constant-coefficient combination of seven basic characteristics:
Q1 = (Utps 4+ 1/3Usee + v us +u2)t> + - |

Q2= -3/4+ (3ui + 3uuy + Sutig, + umm)t2 + (2zuug + u? 4+ TUgz )t + 1/4uggar:2 + 1/2zu,
Qs=1/2+ (6ui + (6u2 + Dug + 6utgs + 2Uszs )t + 2zuus + u? + TUzz,

Q1 = (Quuiy + uga)t® + (1/2zu, + 1/2u)t + uy + 1/4z,

Qs = (2uug + Uz )t + 1/22u, + 1/22,

Q6 = Uzz + 2uuy,

Q7 = Uttan + 1/BUpan + ulus + ul.
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4. THE LIE BRACKET

Definition 4.1. Let vg and wvr be evolutionary vector fields. Their Lie bracket
[vg,vRr] = vs is an evolutionary vector field with characteristic.

(4.1) S = prvg(R) — prvr(Q).

Theorem 4.2. Generalized symmetries of a system of differential equations form a Lie
algebra.

5. FORTH-ORDER GENERALIZED SYMMETRIES

In certain cases, this result ( i.e (4.2)) can be used to construct new generalized sym-
metries (Forth-order generalized symmetries) from known ones in (third-order generalized
symmetries) Therefore, given that [v;,v;] is a symmetry with characteristic prv;(Q;) —
prv;(Q;) for any i, 7. So for nc-Burgers will have

Qs = prvz(Q7) — prvr(Q3), Qo = prvz(Qr) — prur(Q2),
Q1o = pru1(Q7) — pror(Q1), Qu = prvi(Qs) — prvs(Qu),
Q12 = pru1(Q2) — prv2(Q1) = prvz(Qs) — pros(Q2).

In such a way that the characteristics of Qs, Qg, Q10, @11, Q12 make the new fourth order
symmetries for nc-Burger as follows

Qs =1/2ugs + Uty + Upzar + 10UzeUs + dUULze + 12uu? + 6uluy + 4u3um,
Qo :4tu3uz + tUszar + 6umtu2 + 12tuui + 10tutp gy + -+ -

Q10 =1/4u + 1/8usex® + 1/2*Upzze + 1/2tu® + 2% 0Pup + - - -,

Q11 =1/4x + 263U pwwe + 32U + 1/41:3um + 3/4;t2u +8ztPud + -,

Q12 :5/2t3um + 3t U, + 3/2t2m2uuz + 363w upr + B/Qut2 + Sugat? -

This process can be repeated indefinitely.

6. FIFTH-ORDER GENERALIZED SYMMETRIES

In a similar way, the following results are obtained for fifth-order symmetries.

Q13 = prvi(Qu1) — prvi1(Q1), Q14 = prvi(Q1o) — prvio(Q1),
Q15 = prui(Qs) — pros(Qu1), Q16 = prv11(Q7) — pror(Qu1),
Q17 = prvio(Q7) — prvr(Qio), Q1s = prus(Qs) — prvs(Qs),

such that:

Q13 = 5t°u up + 10U e + 5t30° T 4 5t° + Unwwots + 5/26 Upwows + - -
Q14 = 5t uZ, + 9uit® +9/4ut® + 1/2t v + 27/8unt® + - - - |

Q15 = 10PUsppzs + 600 ust’s + 45/2u2umtx2 4+,

Q16 = 5/2us + 3t Usszs + 9070w U2 + 30uzat’u® + - - -,

Q17 = 25UptUtiny + 1/2tUsrrre + 1/ Mgzza® + Stus, +15/2tud 4+ -
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his process can be repeated indefinitely so Q19 = prvr(Qi3) — prvis(Qr),... will be a
sixth order symmetry and etc. Thus nc-Burgers equation has an infinite collection of
generalized symmetries depending on progressively higher and higher order derivatives of
u. In Fuchssteiner’s terminology, vz, vs and vy are known as a "master symmetry” for the
nc- Burger’s equation.

This method finds generalized symmetries of differential equations of any order. But has
the drawback that the order of derivatives must be specified beforehand for symmetry
coefficients.

7. MAIN RESULTS

Generalized time-dependent symmetry can be an alternative to the recursive operator
method for creating symmetry evolution equations.They’re called ”master symmetries.”
A master symmetry is a vector field w that, when vg is a generalized symmetry of the
evolution equation, the Lie bracket [w, vg] is also a symmetry. Note that any symmetry of
the system satisfies this property, then to be really interesting, the master symmetry should
produce new symmetries, mapping, say, the n-th member of the hierarchy of symmetries
to the (n + 1)-st one, as the nc-Burgers’ case does.
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AN ALGORITHM FOR CONSTRUCTING A-ANNIHILATED
ADMISSIBLE MONOMIALS IN THE DYER-LASHOF ALGEBRA

SEYYED MOHAMMADALI HASANZADEH AND HADI ZARE

ABSTRACT. We present an algorithm for computing A-annihilated elements
of the form QT[1] in H.QS® where I runs through admissible sequences of
positive excess. This is algorithm with polynomial time complexity to address
a sub-problem of an unsolved problem in algebraic topology known as the hit
problem of Peterson which is likely to be NP-hard.

Key words and phrases: Dyer-Lashof algebra; Steenrod algebra; A algebra.

1. INTRODUCTION

Given a topological space X and an integer d > 0, H*(X;Fs) = @50 HY(X; F2)
is a graded Fs-algebra. For k > 0 and d > 0, there are Fy-linear homomorphisms
SqF : HY(X;Fy) — H¥*(X;Fy) known as Steenrod squares. These ‘cohomology
operations’ have nice properties. In particular,

e S¢8(x) =0if k> d and S¢Fx = 22 if k = d.
e The operation Sq° is just the identity.
e For f,g € H*(X;Fs), S¢*(fg) = Zf:o Sq'(f)Sq*~(g) (Cartan formula)

There operations live in an associative and non-commutative algebra, called the
(mod 2) Steenrod algebra, denoted A. The hit problem is to determine H*(X;F2)
is a module over A. For the cohit module defined by

QU(H™(X;Fy)) := H"(X;F2) ®4 F
the hit problem asks for determining a Fo-basis for Q¥(H™(X;Fy)).
For X (n) =RP*™ it is known that
P(n) := H*(X(n);Fy) ~ Fyzq,za,...,z, : deg(z;) = 1],

as an algebra. The hit problem of Peterson is concerned with determining gener-
ators of P(n) or equivalently determining the cohit module Q%(n) := Q%(P(n)).
This problem is open for n > 5 (see [, 6, 9]). For X = BO(n) it is known that

H*(BO(n)) ~ P(n)*" ~Fyle; : deg(e;) =1i,i > 0],

the hit problem is known as the symmetric hit problem which is open for n > 4 (see

[3, 2])-

2010 Mathematics Subject Classification. 55510, 55512, 55P47.
Speaker: Hadi Zare .

168



CONSTRUCTING A-ANNIHILATED ADMISSIBLE MONOMIALS IN THE... 169

2. HIT PROBLEM IN HOMOLOGICAL SETTING

The hit problem is often address by determining relevant numerical invariants
such as dimg, Q¢(H*(X;F,) or at least providing an upper bound in the dimension
of cohit module. To study the problem in homological setting, notice that opera-
tions Sq¢' induce dual operations S¢t : H, (X;F2) — H,_;(X;F3) by the Universal
coefficient theorem. For

Anny(H,(X;Fy)) == {:c € H,(X;Fy)|Sqix = 0 for all i > 0}

we have a duality of vector spaces over Fy as
Homg, (Q?(H™(X;F2))), Fa) =~ Anna(H,(X;Fy)).

The hit problem in dual setting is to determine the submodule of A-annihilated
classes in H.,(X;F2) given by @, Anna(H,(X;Fy)).

3. MAIN RESULTS

A solution to the symmetric hit problem for all n is equivalence to solving it
for X = Z x BO and vice versa. We have considered this point of view in [10].
We prefer study the dual of the symmetric hit problem. For QS° = colim QS?,
the unit of the KO spectrum provides a map QS° — Z x BO which induces a
monomorphism of A°P-modules in homology. We may ask for the description of
A-annihilated classes in H,QS° whose complete description is unknown. But, there
are some sufficient conditions that allow one to identify some of these classes. The
following is due to Curtis [I, Lemma 6.2, Theorem 6.3] (see also Wellington [7,
Theorem 5.6] as well as [8]).

Theorem 3.1. For a generator Q*[1] of H.QS°, suppose I = (i1, ..., is) withs > 1
is a sequence so that ex(I) < 2°00) and 0 < 2ij41 —i; < 220+ for 1 <j <s—1.
Then Q'[1] is A-annihilated. If I = (i) with i < 2°@) j.e. i =2t —1 for some
t >0, then Q'[1] is A-annihilated. Here, ex(Q'z) =iy — (ia + -+ +is).

Here, @' is the i-th Kudo-Araki operations which acts on Fo-homology of QS°.
Note that the homology of QS is a polynomial algebra ‘generated’ by Dyer and
Lashof by symbols Q'[1] where Q! is an iterated Kudo-Araki operation given by

Q' :=Q"---Q% for I = (i1,...,is). The aforementioned result of Curtis, reduces
the problem to determining all sequences I that satisfy the given conditions. We
say I = (i1,...,4,) is an (indecomposable) A-annihilated if it satisfies conditions of

Theorem 3.1. Our main result is an algorithm that determines all such sequences.

Theorem 3.2. Suppose r > 2 and iy > 0 are given. Consider the following
algorithm.
Fork=0,...,7r —1 do the following

(1) n:=ig;

) choose an allowable 0 in the binary expansion of n, say n;, and set p(m) =i — 1;
3) forj < ¢(m) set m; :=mnjyq;
4) for0<j< gb(mg set my := 1

) g1 = Z}Zf(f)_ m;2
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Then I = (i1,...,14,) is an A-annihilated sequence. Moreover, by choosing various
different allowed Os, the above algorithm determines all such sequences. In partic-
ular, the set of A-annihilated sequence I of length v and dimension |I| = ig would
be included in the set of A-annihilated sequences produced by the above algorithm.

There is a notion of an allowable 0 which we shall introduce in the next section.
Here, specifically for positive integers m and n we fix that m;,n,;{0,1} are the
coefficients of binary expansion of m and n, respectively. More precisely, m =

F°°m;27 and likewise n. The function ¢ is defined by ¢(m) = min{j : m; = 0}.
It is fairly simple to compute the complexity of the above algorithm.

Corollary 3.3. The complexity of our algorithm is O(t®). In particular, our algo-
rithm s run in polynomaial time.

For the hit problem, the following seems of interest. Although, it is in contrast
with the conjecture that the hit problem of Peterson in NP-hard.

Corollary 3.4. (i) For every k > 0, there is a submodule inside

k
@AnnA(Hn(QSO;FQ))v
n=1

which is determined in polynomial time.
(i) For every k > 0, there is a submodule inside

k
D Anna(H,(Z x BO; F2)),
n=1

which is determined in polynomial time.

Proof. Note that our algorithm computes a submodule inside

P Anny(H,(QS°; Fy)).

Recall that the evident maps @S° — Z x BO induces a monomorphisms of A-
modules H,, (QS%Fy) — H.(Z x BO;F3) [10]. Applying Corollary 3.4 our claims
follow. (I

Finally, notice that we could define a formal evaluation from the Dyer-Lashof
algebra R to H,QS° sending Q' to Q7[1] which is an homomorphism of A-modules.
Consequently, our algorithm provides A-annihilated monomials in R. Furthermore,
noting that R is a quotient of the A algebra [3], we have a similar conclusion for
monomials A7 in the A algebra. We refer the reader to elsewhere for details of our
conclusions.

4. SKETCH OF PROOF FOR THEOREM 3.2

We begin with a simple reduction.

Lemma 4.1. For I = (i1,...,4,) let ig := i1 + -+ + 4. Then I is A-annihilated
if and only if for (io,I) := (io,1,...,4r) we have 0 < 2i;11 —1; < 200i541) for all
j€A0,...,r =1}, where ig = |I].
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This immediately follows from the definition of the excess. Our next observa-
tions, mostly are so easy to prove once we work with binary expansions. First, we
make another simple, yet useful, definition. Define ¢ : N — NU {0} by

¥(n) =max{j:n; =1} +1=min{j:Vk > j, n, =0}.

The following lemma records some nice properties of ¢ and 1.

Lemma 4.2. Suppose I = (iy,...,i,) is an admissible sequence with ex(I) > 0
such that 0 < 244, —i; < 200541) . Then, fizing ig = Z;:1 i;, we have

e [ is strictly decreasing with all of its entries being odd.
o ¢(iy) < --- < o(iy).

o Forallje{2,...,r} we have ¥(ij) = (ij—1) — 1.

o Ifig is non-spike, then we have ¥(i1) = 9 (ig) — 1.

Here, k € N is called spike if k = 2t — 1 for some t > 0.
Our next observation completely resolved the case when i is spike.

Lemma 4.3. (i) Suppose I is an A-annihilated sequence such that i = 2 — 1 for
some t > 0. Then, I = (2" —1).

(it) Suppose I = (iy,... i) is an A-annihilated sequence so that i; is a spike for
some j. Then, j=r.

So far, our results tell us that if we are given 4; then the binary expansion of ;11
is somehow determined by that of i;. The bottom line is that i;4, inherits some
part of the binary expansion of i; but with a shift to the right, up to allowable Os
that are possible to choose by the algorithm. Hence, it suffices to clarify what Os
are allowable. Our next result, tells us which Os should not be chosen, informally
introducing forbidden 0Os, opposite to which we have allowable Os in our algorithm.

Lemma 4.4. Suppose n = Ezp:(?) n;2' is a positive integer where n; € {0,1}.

(i) If no = 0 or ny = 0 then in either case, we have a forbidden 0.

(ii) For any positive integer n, ngy,y = 0 is a forbidden 0.

(#ii) If n is even then ¢(n/2) + 1 corresponds to a forbidden 0.

(iv) Let n be even and t be the least positive integer such that for all p(n/2) +1 <
j <t—1we have n; =0 and ny = 1. Then, for any such j, n; =0 is a forbidden
0.

(v) If m is not a spike then ¥(n) corresponds to a forbidden 0.

Finally, we have our main constructive result by which we mean it allows to find
the building blocks of our algorithm. We have the following.

Theorem 4.5. Assume m and n are positive integers with binary expansions m =
> m;29 and n = > n;27. If (i) For all i > ¢(m) we have njy1w = my; (ii)
p(n) < ¢p(m) such that ¢p(n) = ¢(m) if and only if ng(m)+1 = 0 and ¢(n) > 0
and ¢(n) < ¢(m) if and only if there exists 0 < j < ¢(m) such that n; = 0 and
Np(m) = 1 and T‘L¢(m)+1 =0.

The converse also does hold, that is if the above conditions are satisfied then

0<2m —n < 2°0M)

Our algorithm now easily follows by applying this theorem iteratively.
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Example 4.6. Let ig = 33 and r = 3. For the binary expansion of 33 given by

we

B B
N N
33: 0 100001

have the above ‘blocks’ of allowable 0s. Here, the most left 0 corresponds to

¥(33) is an allowable 0. According to choices of allowable 0s we will have just two
cases.

Gr

io: 01 0 0 0 0 1 io: 01 0 0 0 0 1
i1: 001 0 0 0 1 i1: 001 0 0 0 1
io: 00 01 0 0 1 io: 00 01 0 0 1
is: 00 001 01 is: 00 00 1 1 1
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1. INTRODUCTION

1.1. Motivation. Virk and Zastrow [9] have reviewed the existing topologies on
the fundamental group and have studied their generalizations to the universal path
space. Since fundamental groupoids are generalizations of universal path spaces and
fundamental groups, these generalizations can be studied for topological groupoids.

R. Brown and G. Danesh-Naruie were the first and only ones that have defined a
topology on a quotient of the fundamental groupoid so that it became a topological
groupoid when the given space X is locally path connected and semilocally simply
connected space [4].

Pakdaman and Shahini [7] equipped the fundamental groupoid of a locally path
connected space X with a topology, named Lasso topology in which it can be
considered as a generalization of the topological fundamental group.

At first, we show that for a given space X and every x € X, 7! (X, x) is Hausdorff
if m?(X,x) = {e,}. Then we use this to prove that the topological fundamental
groupoid of Hausdorff spaces is Hausdorff if their Spanier groups are trivial.

1.2. preliminaries. Throughout this paper, all spaces are connected and locally
path connected. I denotes the closed unit interval [0,1]. If o : I — X is a path
from g = a(0) to x1 = a(1), then a~! defined by a~1(t) = a(1 — t) is the inverse
path of o from z; to zg. For x € X, ¢, is the constant path at x.

If ,8 : I — X are two paths with a(1) = 5(0), then a * 8 denotes the usual
concatenation of the two paths. Also, all homotopies between paths are relative to
end points.

Definition 1.1. If U is an open cover of X, consider the subgroup of (X, x)
consisting of the homotopy classes of loops that can be represented by a product of

the following type.
n
H ujvjujfl,
j=1
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where the u;’s are arbitrary paths starting at the base point x and each v; is a loop
inside one of the neighborhoods U; € U. This group is called the Spanier group
with respect to U, denoted by w(U,x) [3, 5] and the intersection of all the Spanier
groups with respect to open covers is called Spanier group of X and is denoted by
(X, x).

Definition 1.2 ([0]). A4 groupoid is a small category in which every arrow is in-
vertible, i.e. a groupoid G over Gy consists of a set of arrows G and a set of objects
Gy, together with the following five structure maps:
S : G — Gy, called the source map,
T :G — Gy, called the target map,
1: Gy — G;x— 1, called the unit map,
i:G— G;a— a~t, called the inverse map,
m: Go — G; (a;b) — m(a;b) = ab, called the composition map, where Gy denotes
the set of composable arrows: G2 = {(a;b) € G x G| S(b) =T(a)}.
These maps satisfy the following conditions:
i) S(ab) = S(a) and T'(ab) = T'(b) for all (a;b) € Ga,
ii) a(bc) = (ab)c for all a,b,c € G such that S(b) = T'(a) and S(c) = T(b),
iit) S(1,) =T(1;) =z for all x € Gy,
i) alp) = a and lgya = a for alla € G,
v) each a € G has a two-sided inverse a=* such that S(a=1) = T(a), T(a™') = S(a)
and aa™" = lg(g); ata = lpg,.

Elements of G are called objects of the groupoid G and elements of G are called
arrows. The arrow 1, corresponding to an object x € Gy is called the identity
corresponding to x. We denote the set of arrows from x to y by G(z,y) and, in
particular, G(z) := G(z, ) is called the object group (or vertex group) at .

Fundamental groupoid of X is a category in which the set of morphisms contains
homotopy classes of paths in X, denoted by 7X and has the set X as its set of
objects. We will use 7.X for the entire category. For any z,y € X the set 7X (z,y)
is the set of homotopy classes of paths in X from z to y. Composition of morphisms
[a],[B] is [a x 8] and the identity in 7 X (z, ) is the e, = [¢,]. We can consider the
object group at x, 7 X (z), as the well-known fundamental group 71 (X, z).

Definition 1.3. A topological groupoid is a groupoid G together with topologies
on G and Gy such that the structure maps are continuous [0].

Let U be an open cover of a given space X and for z,y € X, let [a] € 7 X (z,y).
If V, W € U are open neighborhoods of z, y, respectively. Then

N([a],U,V,W) :—{[6]€7rX| Beyspuxaxp X forsomy: I =V A:T—W

€ m@a), ] € MU .
The family
{N([a],Z/LV,W)’ U is an open cover of X;V,W e U, [a] € X (x,y), x €V, y € W}

form a basis for a topology on 7X [7]. The topology that is generated by this
basis, is called Lasso topology. For a given topological space X, by 7'X we
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mean the fundamental groupoid 7X equipped with the Lasso topology on the set
of morphisms and original topology on X, as the object set.

Theorem 1.4 ([7] ). Let X be a locally path connected topological space. Then w' X
is a topological groupoid.

2. MAIN RESULTS

Lemma 2.1. Let G be a topological group with e as the identity element. Then G
is a Hausdorff space if and only if {e} is closed in G.

Proof. Let G be a Hausdorff space. Since every Ts space is Ti, {e} is closed.
Conversely, let {e} be closed in G. Consider the continuous map f: G x G — G
defined by f(g,h) = gh~!. Since the diagnal subset f~!(e) of G x G is closed, G is
Hausdorff. O

Lemma 2.2. Let X be a topological space and x € X. If the fundamental group is
endowed with the Lasso topology, then w7 (X,z) = {e,}.

Proof. Let [a] € 7(X,z), U be an open cover of the topological space X and
O := N([a],U) be a basic open neighborhood of [a]. Since [a] € m¥ (X, z), for every
open cover U of X, [a], [a]~! € 7(U,x). Thus [a]*[a] ™! = [axa™1] = [c,] = e, € O.
Therefore O N {e,} # 0 and the intersection of every basic open neighborhood of
[] with {e,} is nonempty, i.e. [o] € {e,}.

Conversely, if [y] € {e,}, then for every basic open neighborhood N([v],U) of
[v], N([v],U) N {ex} # @. Thus e, € N([y],U) and for some [§] € 7(U,x) we have
C, ~ v+ which implies that e, = [y]*[5]. Obviously v is a loop based at x, thus for
every open cover U of X, [y] = e, x [371] € (U, z) and hence [y] € m¥(X,z). O

Corollary 2.3. For every space X and every v € X, ni(X,x) is Hausdorff if
(X, x) = {es}.

Proof. By Lemma 2.2, we have {e,} = {e.}, so {e,} is closed in 7 (X, ). Then
Lemma 2.1 follows that 7} (X, z) is Hausdorff. O

It seems that by the condition m* (X, x) = {e,} on the Hausdorff space X, it can
be proved that the fundamental groupoid is also Hausdorff by the Lasso topology.
We prove this claim in the next theorem.

Theorem 2.4. Let X be a Hausdorff space and x € X. If i’ (X, x) = {e,}, then
' X is Hausdorff.

Proof. Let [a] # [3] € m' X.

(7) If (0) # 5(0), then there are open neighborhoods U and V of a(0) and 3(0)
respectively, such that UNV = ). Let U’ be an open cover of the topological space
X and U :=U'U{U,V}. If W and W’ are elements of U containing «(0) and 5(0)
respectively, then O := N([a|,U,U, W) and O’ := N([B],U,V,W’) are basic open
neighborhoods of [a] and [g] respectively. We show that O N O’ = §).

Let [A] and [y] be arbitrary elements of O and O’ respectively , then A(0) € U
and v(0) € V. Since UNV = ), we have [A] # [y] and hence ON O’ = §. If
a(l) # (1), by a similar proof we have O N O’ = .

(i) a(0) = B(0) =z, (1) = B(1) = y, = # y.

Let U’ be an arbitrary open cover of the topological space X, U and V be open
neighborhoods in X containing z and y respectively, and U’ and V' be elements
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of U" contaning = and y respectively. Let U” = U' NU and V" = V' NV. Now
U :=U U {U",V"} is an open cover of X such that 4 =< U’. Suppose that
O := N([a],U,U", V") and O" := N([8],U,U", V") are basic neighborhoods of [«]
and [3]. we show that O N O’ = (). By contradiction, suppose that O N O" # 0,
then O = O’, and hence [8] € O’ = O. Therefore 8 ~ X% pu* o % p x X' where A
and X' are paths in open neighborhoods U” and V" respectively, [u] € 71 (U, a(0))
and [p'] € m(U,a(l)). By the hypothesis A(0) = B(0) = a(0) = z = A(1)
and N(1) = B(1) = (1) = y = N(0). Thus X and X are loops in U” and V"
respectively, and we have [A  u] € m(U, z) and [ * \"'] € m1 (U, y). Obviously
Brate dspsasp” « N «a™t

Since [a* (' * ') x a7l € n(U,z), [B*xa”] € 7(U,x) < mU',x). But U’ is
an arbitrary open cover of X which implies that [3* a~!] € m;?(X,z). Therefore
[B*a~l] =e, ie. (=~ a,which is a contradiction. Thus O N O’ = .

(iii) if a(0) = B(0) = z and (1) = B(1) = z, then [a] # [B] € 7' X (z,x). The
proof is obvious by propositions 2.3. O
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1. INTRODUCTION

Throughout this talk all groups are abelian with addition as a group operation.
In the theory of abelian groups, topologies can be introduced in various ways which
are natural in one sense or another. The importance of certain topologies will
be evident from subsequent developments, especially when completeness will be
discussed. In this talk the notions of linear topology and the completion process
in abelian groups are recalled. In particular, we discuss some special topologies
defined over abelian groups with various set of neighborhoods about 0. A good
reference about the undefined notions is [1].

2. MAIN RESULTS

In this section we give the main notions and results concerning the linear topolo-
gies defined over abelian groups. Given an abelian group A, the first Ulm subgroup
of A is denoted by A' and is defined as A! = N, cynA.

Definition 2.1. Let A be an abelian group. The set of all subgroups of A is partially
ordered under the inclusion relation. It is a lattice, where BNC and B+ C are the
lattice operations 7inf” and "sup,” respectively, for subgroups B and C of A. This
lattice L(A) has a minimum and mazimum element; O and A.

Definition 2.2. By a filtration of a set X of cardinality kK we mean a family
{Xa}ta<w of subsets of X such that the following holds.

(1) o < B implies that Xo C Xpg;

(2) | Xo |< K for all o < k;

(3) X5 = Uq<pXqo whenever § is a limit ordinal;

(4) X =Up<rXa-

Definition 2.3. A filter D on a set X is a set of subsets of X such that of subsets
of X such that the following holds.

(1) V¢ D, X € D;

(2) fY €eDandY C Z C X, then Z € D; and

(3) U,V €D impliesUNV € D.

2010 Mathematics Subject Classification. 20K15.
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The most important topology on abelian groups to be considered are the linear
topologies in which there is a base (fundamental system) of neighborhoods about 0
which consists of subgroups such that all the cosets of these subgroups form a base
of open sets for the topology. A more formal definition of linear topologies cab be
given as follows.

Definition 2.4. Let u be a filter in the lattice L(A) of all subgroups of A. u
defines a topology on A, if we declare the set of subgroups Uinu to be a base of
open neighborhoods about 0, and for every a € A, the cosets a+U (U € u) as a base
of open neighborhoods of a. We observe that all open sets will be unions of cosets
a+ U witha € A and U € u. The continuity of the group operations is obvious.
Thus A is always a group operation under the arising topology, which may be called
the u-topology of A; (A,u) will denote A as a topological group equipped with the
u-topology.

The following simple facts on u-topologies are deduced easily.

Proposition 2.5. Let A be an abelian group. Then we have the following state-
ments.
(1) The u-topology on A is discrete exactly if {0} € u, indiscrete if u = A,
Hausdorff if and only if NyeuU = 0.
(2) Open subgroups are closed.
(3) If the u-topology of A is Hausdorff, then it makes A into a 0-dimensional
topological group.
(4) The closure of a subgroup B of A in the u-topology of A is given by the
formula B = Nyeu(B + U).

Proof. See [1, Page 36]. O
The following special topologies are significant.

Proposition 2.6. Let A be an abelian group. Then we have the following state-
ments.
(1) The Z-adic topology on a group A is defined by letting {nA : n € N} be
a base of neighborhoods about 0. This is a u-topology, where u consists of
all U < A such that AJU is a bounded group. This topology is Hausdorff
if and only if the first Ulm subgroup A' vanishes. A subgroup G of A is
closed exactly if the first Ulm subgroup of A/G is 0.
(2) In the p-adic topology (for a prime p) the subgroups p* A(k < w) are declared
to form a base of neighborhoods about 0. This is likewise a u-topology, with
u consisting of all U < A such that A/U is a bounded p-group.
(3) In order to define the Prufer topology, we choose the filter u consist of all
U < A such that AJ/U satisfies the minimum condition on subgroups. This
a Hausdorff topology in which all subgroups are closed.
(4) In the finite index topology, the subgroups of finite indices constitute a base
of neighborhoods about 0; equivalently, u consists of the subgroups of finite
indices in A. This is coarser than both the Z-adic and the Prufer topologies.

Proof. See [1, Page 37]. O

Example 2.7. The multiplication group T of complex numbers of absolute value
1, and the additive group R of reals are usually viewed as being equipped with the
interval topology (which is not a linear topology).
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We need the following definitions.

Definition 2.8. Assume that a linear topology is defined on the group A in terms of
a filter w in the lattice L(A) of all subgroups of A. The subgroups U € u form a base
of open neighborhoods about 0; we label them by a directed index set I, so thati < j
for fori,j € I means that U; < U;. Thus, I as a (directed) poset is dual-isomorphic
to a subset of w (which has the natural order relation by inclusion,).

Definition 2.9. By a net in A we mean a set {a;};cr of elements in A, indexed
always by I. A net is said to converge to a limit a € A if to every i € I there is a
j € I such that ax, —a € U; for all k > j.

Definition 2.10. A net {a;}icr is a Cauchy net if to any given i € I, there is a
j € I such that ar, — a; € U; for all k,1 > j.

Definition 2.11. A net {a;}icr is neat if for every i € I, the relation ay, —a; € U;
for all k >4 (i.e., j =i can be chosen,).

Definition 2.12. Let A be an abelian group. Then A is said to be complete in a
topology if it is Hausdor(f, and every (neat) Cauchy net in A has a limit in A.

Definition 2.13. Assume {A; : i € I} is a collection of groups, indexed by a
poset 1, and for each pair i,j € I of indices with i < j there is given a connecting
homomorphism 7Tg : Aj — A; such that

(1) =t is the identity map of A; for alli € I; and

(2) i<j<kinl, then 7rlj}7r§»C = mk.

In this case w= {A;(i € I);n’} is called an inverse system. By the (inverse) limit
of this system is meant a group A* such that
(1) there are maps m; : A* — A; such that m; = 7Tg71'j for all i < j; and
(2) If G is any group with maps p; : G — A;(i € I) subject to p; = pzpj for all
i < j, then is a unique map ¢ : G — A* satisfying p; = ;¢ for all i € I.

There are two important completion processes in the completion of groups in
the linear topology; Cauchy nets and inverse limits. The second method fits better
in linear topologies.

Proposition 2.14. Let A be a group with linear topology (not necessarily Haus-
dorff), and {U; : i € I'} a base of neighborhoods about 0, with I a directed index set:
i <jin I if and only if U; > U;. Define the groups C; = A/U;, and for j > i in I,
and the homomorphisms 7 : C; — C; via 7 : a + U; — a + U;. The limit of the
arising inverse system € = {C;(i € I) : @} will be denoted by A : it is furnished
with the topology inherited from the product topology of [[ Ci. Thus, if m; denotes
the ith projection [ C; — C;, then a subbase of neighborhoods about 0 in A is given
by the subgroups U; = AN ;0. Evidently, 04 : a — (...,a+U;,...) € Aisa
homomorphism which is continuous and open, and 0,U; = 04 ANU holds for each
1 € 1. It is clear that ker 8 4 is the intersection of all U;.

Proof. See [1, Page 37]. O

Lemma 2.15. For every group with a linear topology, the group A is complete in
the induced topology.

Proof. See [1, Lemma 7.5.]. O
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We observe that the completion is always Hausdorff, and 64 : A — A is monic
if and only if A had a Hausdorff topology to start with.

Lemma 2.16. If ¢ is a continuous homomorphism of the group 4 into a complete
group C, then there is a unique continuous homomorphism ¢ : A — C such that

P4 = ¢.
Proof. See [1, Lemma 7.6.]. O

From this lemma it also follows that the completion A of A is unique up to
topological isomorphism. Moreover, 64 : A — A is a natural map.

Theorem 2.17. Let A be any group.

(1) Tts completion in the Z-adic (p-adic) topology carries the Z-adic (p-adic)
topology.

(2) Its completion in the finite index topology has a compact topology.

(3) Its completion in the Priifer topology carries a linearly compact topology.

Proof. See [1, Theorem 7.7]. O

Example 2.18. Let p be a prime, and Z, the ring of rational numbers whose de-
nominators are prime to p. The non-zero ideals in Zy) are principal ideals generated
by p* with k = 0,1,.... If the set of these ideals ka(p) 1s declared to be fundamental
system of neighborhoods about 0, then Z ) becomes a (Hausdorff) topological ring,
and we may form its completion J, in this topology. We observe that J, is a ring,
called the ring of p-adic integers, whose non-zero ideals kap with k =0,1,..., and
which is complete in the topology in the topology defined by its ideals. The symbol
Jp denotes both the ring and the group of p-adic integers. Moreover, Q) denotes
the field of quotients of J, (and its additive group).
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THE ORDER OF SAMELSON PRODUCT Q,, A Q, — Sp(n)

SAJJAD MOHAMMADI

ABSTRACT. Let m and n be two positive integers such that m < n. Let Qn
be the symplectic quasi-projective space of rank n. In this article, localise at
an odd prime p, we will study the order of the Samelson product Qm A Qrn —

Sp(n).
Key words and phrases: Samelson product; Symplectic group.

1. INTRODUCTION

Let H be a topological group. The commutator of H is themap C: HxH — H
defined by sending (a,b) to aba=1b~!. This is trivial when restricted to H V H so
induces a map ¢ : H A H — H. The Samelson product of two maps o : X — H
and 8 :Y — H denoted by («, ) is defined to be the composition

XAY S HAH - .
Let G be a simple compact connected Lie group. The calculation of Samelson prod-
ucts plays an important role in classifying the homotopy types of gauge groups of
principal G-bundles, and they are fundamental in studying the homotopy commu-
tativity of Lie groups. Samelson products have been studied extensively for the
classical groups. Let @, be the symplectic quasi-projective space of rank m, we
denote the inclusion @, — Sp(n) by e n, where m < n. Let m and n two integers
such that m < n. In this article, we will study the order of the Samelson product
(Emm,nn) @ Qm A Qn — Sp(n). Let d be the order of the Samelson product

(Em,msEnn)-

Theorem 1.1. Localise at an odd prime p. If m =2 then d is 32 -7 if n = 3 and
is3-5-11 if n = 4.

2. PRELIMINARIES AND NOTATIONS

Let X be a CW-complex. We denote Sp(co)/Sp(n) by X,, and [X, Sp(n)] by
Spn(X). Recall [2], that the symplectic quasi projective spaces @, of rank n for
n < 3, have the following cellular structures

Q=5 Q2=5%U, €, Q3=25U, e Uy,e,

where vy is a generator of 7T6(SS) and ve : S — Qo is some map. There
is an inclusion €y, : @, — Sp(n) that induces an isomorphism in homology

A(H, (Qn)) = H.(Sp(n)). Consider the fibre sequence
(2.1) QSp(c0) 25 QX, —2 Sp(n) —L Sp(co) = X,
2010 Mathematics Subject Classification. 55Q15;55P10 .
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where 7 : Sp(co) — X, is the projection map. Applying the functor [X, —] to
fibration (2.1), we get the following exact sequence.

a2 ) . a1 ™
22) K9 (X)X, 0X,] 2 Spa(X) 25 KSp (X)) T

Let 7 be the commutator map Sp(n) A Sp(n) — Sp(n). Since Sp(co) is an infinite
loop space it is homotopy commutative. Therefore v composed to Sp(co) is null
homotopic, implying that there is a lift 4 : Sp(n)ASp(n) — QX,, such that joy ~ ~.
Therefore we get the following relation

(23) <5m,n7 6n,n) = 5*(’7 © (Em,n A 6n,n))~

We denote the equivalence class of 4 o (€, A €p,n) in the cokernel of (Qm), by
[ © (Emn A €nn)] and the order of an element z of a group by |z|. Then by exact
sequence (2.2) and relation (2.3), we have

|<5m,nv 5n,n>| = |[5’ o (Em,n A 5nn)]|

Therefore we will calculate |[¥ o (gm.n A nn)]l-

We use the same symbol ¢’ for the inclusion Sp(n) — U(2n) < U(2n+1), the com-
plexifications BSp(n) — BU(2n + 1) and BSp(co) — BU(o0). Let p : [X, QY] =
[XX,Y] be the adjoint. The following lemma has important role in the calculation
of the order of the Samelson products in Sp(n) [1].

Lemma 2.1. Let X be a space. For a map o : ¥2X — BSp(c),
(Qﬂ' o pza)*(b4n+4k,2) = (—1)”+k(2n + 2k — 1)!2_20h2n+2k(0/(a)),

where Y is the suspension isomorphism and ch; is the 2i Chern character.

3. THE SAMELSON PRODUCT (€2 p,En.n)
Put X = Qs A Q.. Define a map
A [X,QX,] - HP(X) 0 HYYO(X) = P 7,
1<i<3

by Ma) = (a* (ban+2), & (bants)), where Z; = Z, a € [X,QX,], ban+2 and by, are
generators of H¥"+t2(QX,,) = H*"*t6(QX,) = Z. Note that \ is a homomorphism
of groups that is monic. We denote the free abelian group with a basis eq, es, .. .,
by Z{ei,ea,...}. Let a1 : ¥Q2 — BSp(c0) be the adjoint of the composition of the
inclusions Q2 — Sp(2) — Sp(co) and ag : XQ2 — BSp(co) be the pinch map of
the bottom cell q : ¥Qa — S® followed by a generator of mg(BSp(o0)) = Z. Note
that I/{\S_?)(EQZ) is a free abelian group with a basis a1, as, that is I/(\S_;J(EQQ) =
Z{on, a2}, Then we havech(c/(a1)) = Sys — $3y7 and ch(c/(a2)) = —28y7. Let
tn : Qn — XCP?"~! be the restriction of ¢ : Sp(n) — SU(2n) to their quasi-
projective spaces and 7 € K (CP?"~1) be the Hopf bundle minus the trivial line
bundle. Put B, ; = t,*(X%17), where j = 1,3,...,2n — 1. By [3], we have the
following lemma.

Lemma 3.1. K(2Q,) = Z{fn;,j =1,3,...,2n —1}.

Put 0;,; = a(c’ () A Bn,j) € @(ZQQ AXQp), where q : K — KSp is the
quaternionization. We denote Yu, ® Yup by ugp.

——2
Lemma 3.2. KSp (X)=2Z{0;,;,i=1,2, j=13,...,2n—1}.



THE ORDER OF SAMELSON PRODUCT Q. A Qn — Sp(n) 183

3.1. The case n=3. The Chern characters of ;3 ;, are given as

h(c'(0131)) 2u —|—1u 1u —l—lu 1u —l—lu
C = — — _ — _— —_— s
c 1,3,1 83+ gus T — s+ gurs — JurT + genur
5 1 5
/
=2 — = — —
ch(c'(61,3,3)) = 2us3 7 5 U1l — gurT + 13 UL

ch(c(02,3,5)) = dur 1.
Lemma 3.3. Fori=1,2 and j =1,3,5, Im Ao (Qm). is generated by «; 3 ;, where
2.7 7 9! 2.7 9
= — = — 0 _
1,31 ( 5' ) 3. 3'7 3. 5')a Q231 ( 5 3 B 30)’
_ s
1,33 = 2 ) 3 ) 12 )

9!
aras = —(2-7,0,5), 235 =(0,0,—4-9!).

Proof. According to the definition the map of A\, we have
Ao (Qm).(0r,31) = (Qm 0 p*01,31)" (b1a), (27 0 p*013.1)* (brs)),

By Lemma 2.1, the calculation of the components is as follows:

Q233 = —(O,4 . 7', 5 - 9'),

1 1
(Q’]T o p201’371)*(b14) = 7!2_20h8(0/(01’371)) = 7!2_2(—@’(1,3’11 — 178U7’7)7
1
(Q?T o p201’3’1)*(b18) = —9!2_201110(0/(91’3’1)) = —9!2_2(%’[17’11).

2.7 7 9!
Therefore o 31 = Ao (Qm).(01,31) = —( 51 73.31"3. 51)'

other generators oy 3 ;. g

Similarly we obtain

Proposition 3.4. |[Jo (ea3 Ae33)]| =3%-7.

3.2. The case n=4. The Chern characters of 0; 4 ; are given as

2 1
ch(c'(01,41)) = ch(c'(b1,3.1)) + US55 UT.15

43 43
ch(c'(01,4,3)) = ch(c'(61,33)) + Gols1s — 3 AU

Ch(C/(02’417)) = 7411,7715.

Lemma 3.5. fori = 1,2 and j = 1,3,5,7, Im Ao (7). is generated by ;4 ;,
where

2-9! 9! 11! 9 4.11!
141 :_( 71 ;3.5'73.7')5 Q241 :_(07%7T)a
43-9! 5-9! 43-11! 43 - 11!
Q143 = _( 60 ) 12 ) 3.5 )7 Q243 = _(Oa5 . 9'7 30 )7
20-9! 9! 10-11! 40 - 11!
Q1,45 :_( 3 ’57 9 )? a2,475:_(0ﬂ4'9!7 )7
11!

147 =—(2-90, ?), g4 =(0,0,—4-111).
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Arguing as for Proposition 3.4 we obtain the following proposition.

Proposition 3.6.

[Jo(e2aNEqa)]|=3-5-11.

Proof of Theorems 1.1
By Propositions 3.4, and 3.6 we get the Theorem 1.1.
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ABSTRACT. In this article, localized at odd prime 3, we will study the self-
homotopy group of SU(3).
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1. INTRODUCTION

Let G be a group-like space and X a finite complex. The homotopy set [X, G]
has a natural group structure inherited from G by the point-wise multiplication. In
recent years, the group [X, G| has been studied and there are many applications in
homotopy theory, special in the homotopy commutativity and homotopy nilpotency.
For a compact connected Lie group G, we call a group of the self homotopy set
[G, G| the self-homotopy group and is an interesting object in homotopy theory.
The self-homotopy group of G has been studied extensively. In recent years, the
self-homotopy groups of Lie groups are studied by topologists and good results
have been obtained [, 4, 5]. In [3], Kishimoto, Kono and Tsutaya study the self-
homotopy group of Sp(3) localized at p > 5. The purpose of this article is to study
the self-homotopy groups of SU(3) localized at primes 3. In this article, we denote
by —(p) the localization at a prime p in the sense of Bousfield and Kan [2].

2. PRELIMINARIES AND NOTATIONS

In this section, we will study Unstable K-theory where all of spaces localized at
odd prime 3. For a prime 3, we denote the 3-localization of a nilpotent group G by
G (3)- Also we denote the 3-localization of spaces by the same notation. Note that,
for a CW-complex X, [X,U(3)]3) = [X,U(3)3)]. Let X be a CW-complex such
that dim X < 8. Also, let H*(X,Z) be a free Z)-module. We denote the infinite
Stiefel manifold U(00)/U(3) by W3. Let p: U(oo) — W3 is the projection map. By
applying [X,] to the fibration sequence

QU(00) 22 QW -2 U(3) L U(oo) 25 W,

we obtain the exact sequence
(X, QU (00)] @2 [x, QW3] 25 [X,U(3)] 2 [X, U(00)] 225 [X, Wl.
By the Bott map 3: BU(c0) — QU (c0), we have natural isomorphisms
[X, QU (00)] 2 [X, BU(c0)] = K°(X),  [X,U(c0)] = K*(X).
Thus we get the following exact sequence.
2.1)  KOx) “0 x aws) 2 (X, U3)] 2 KYX) 2 (X, Wal.
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It is well known that the cohomologies of BU(c0) and U(co) as algebras are given
respectively by H*(BU(o0)) = Z[ci,¢2,...], H*(U(x)) = A(x1,z3,...), where
Zo;—1 = 0(¢;), also ¢; is the universal i-th Chern class and o is the cohomology sus-
pension. Localized at odd prime 3, we rewrite exact sequence (2.1) as the following
theorem (see [3]).

Theorem 2.1. Localized at odd prime 3, there is an exact sequence of groups

- 5 ()@ £
KO(X) 5 5 Im(\) -5 (X, UB3)] ) =8 KY(X)),

such that for ¢ € K'O(X)(g) we have P (¢) = 3lchg(C) @ 4lcha(C), where ch;(() is the
2i-th part of ch(().

Let a1, a3 € [X,U(3)]3). The commutator [a1, az] in the group [X, U(3)](s) was
described explicitly in [3].
Theorem 2.2. The commutator [y, ao] € [X,U(3)]s) is equal to

(@ Y ar (@) Uas” ($2j+1))-

k=3 i+j=k—1,
1<4,5<3

Therefore by Theorems 2.1 and 2.2 we obtain the following corollary that is very
important in the study of self homotopy groups.

Corollary 2.3. There is a central exact sequence

0— Cokerw — [X, U(3)](p) — Im(j*)(g) — 0.
3. SELF-HOMOTOPY GROUPS OF SU(3) AT PRIME p = 3

In this section, we will study the Self-homotopy group [SU(3),U(3)] at prime
p = 3. We denote the free abelian group with a basis ey, es, ..., by Z{ey,ea,...}.
We know that there is a mod 3 decomposition of SU(3) as following
SU(3) ~3) 5% x S°.
For i = 2,3, let m;: SU(3)(3) — Siyy " and [;: S?g;l — SU(3)(3) be the projection

(3)
and inclusion maps, respectively. We define the self map &3, of SU(3), as the

following composition

SU(3)( —> 5(2?:) 1 —) SU( )( 3)-

Now, put 5'4,1- and 54’1- as the following compositions

SU3)(3) =25 SU3) 3y — U(3)3),

&30
SU(3)(3) == SU(3)(3) — U(3)3) 5 U(oo 00)(3),

respectively. Note that for i = 2,3, we have &,; € K'(SU(3)) with the Chern char-
acter ch(ggﬁl) o= 1) 1 X.x9;_1. By Corollary 2.3, there is a central exact sequence
0— C’okzem/) — [SU(3), U(3)](3) — Im(j*)(g) — 0.

So we need to calculate Im(j.)3) and Cokery . First, we compute the image of
map

()3t [SU3), U35y = K (SU(3))3).-
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Note that K!(SU(3))s) is a free Z3)-module generated by 32, &5,3. We have the
following lemma.

Lemma 3.1. Im(j.) is a free Z3)-module generated by 32, 33

Now, we compute the Coker of the map 1: K° (SU(3)) 3y — ImA. Consider the

map
A: [SU(3), QW35 — H(SU(3); Zs)),

where A(a) = a*(ag). By [3], we know that the map A is monic and Im(A) is
generated by w3xs. Let 9 = B71(£32€33). Note that KO(SU(3))(3)) is a free Zs)-
module generated by ¢, with the Chern character ch(d) = xz3x5. According to the
definition of map 1, we have () = 4lchy(9) = 4lzsxs. Thus localized at odd
prime 3, I'm(v)) is generated by 3z3xs, therefore we get the following lemma.

Lemma 3.2. There is an isomorphism
< x3Ts >

Cok Sl Y
okery < 3x3TH5 > 3

By Theorem 2.2, we have that the commutator [¢'5 5,¢'5 3] in the group [SU(3), U (3)]3)
is equal to §(x3x5). Therefore we get the following theorem.

Theorem 3.3. There is a central exact sequence

0 = Zg — [SU(3), U(3)|(3) = Zs) & Zs) — 0,
such that the following hold.
(a): f(§'52) = (1,0) and f(£'55) = (0,1), respectively.
(b) : Kerf = Z{[§/3,27f'3,3]}-

On the other hand, we know that U(3) ~ S* x SU(3). Now, by homotopy groups
of sphere we have that for i = 3,5, m;(S 1)(3) = 0. Therefore there is an isomorphism
[SU(3),SU(3)](s) = [SU(3),U(3)](3). Thus we obtain the following theorem.

Theorem 3.4. There is a central exact sequence

0 = Zg — [SU(3), SU(3)|(3) — Zs) & Zs) — 0,

such that the following hold.
(a): f(§,3,2) = (1,0) and f(f’g,s) = (0,1), respectively.
(b) : Kerf = Z{[§/3,275/3,3]}-
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ABSTRACT. Our purpose in this article is to define the compatible Poisson -
Nijenhuis structure of the Co-adjoint orbit G¢ of a Lie groupoid G. That is, we
consider a Poisson-Nijenhuis structure for a Lie groupoid G and by using it,
we calculate the Poisson-Nijenhuis structure corresponding to its Co-adjoint
Lie groupoid. In the end, considering the trivial Lie groupoid as an example,
we obtain the Poisson-Nijenhuis structure for its corresponding Co-adjoint Lie
groupoid.
Key words and phrases: Poisson-Nijenhuis groupoid; Co-adjoint Lie groupoid;

Poisson-Nijenhuis structure.

1. INTRODUCTION

We know that the theory of Lie groupoids is extended by the theory of Lie groups.
Also, in the second section of this article, we can recall the notion of a Lie alge-
broid associated with a Lie groupoid. In accord with [4], the notion of tangent Lie
algebroid and cotangent Lie groupoid corresponding to a Lie groupoid is defined.
In the following Das defined multiplicative Poisson-Nijenhuis structures on a Lie
groupoid which extends the notion of symplectic-Nijenhuis groupoid expressed by
Stienon and Xu in [1]. The notion of Poisson groupoid was introduced by Weinstein
[5] as a union of both the Poisson Lie group and the symplectic groupoid. We can
see that the concept of Poisson-Nijenhuis has been studied by Magri and Morosi.
By referring to [2] we saw that the orbits of the Co-adjoint action of a Lie groupoid
are obtained by an action of a Lie groupoid on a dual bundle of the isotropy Lie
algebroid associated with isotropy Lie groupoid of a Lie groupoid. Likewise, there
is a (1,1) - Nijenhuis tensor on a manifold that this manifold together with this
(1,1) - Nijenhuis tensor on itself are a Nijenhuis manifold which these two are a
compatible structure. In other words, it is satisfying in two compatible conditions.
As well as, we can see that for a smooth manifold, there is a 1-vector-valued form or
a (1,1) - tensor on a manifold that if it is with a Nijenhuis torsion zero, then we can
call this 1-form vector-valued is a (1,1) - Nijenhuis tensor. Due to the assumption
of the problem and the mentioned concepts in [1], we have that a Poisson-Nijenhuis
Lie groupoid is include a Poisson groupoid which itself includes a Lie groupoid to-
gether with a Poisson bivector field for which the Schouten bracket is zero and also
a Nijenhuis groupoid.

We only have enough to identify the manifold with the Lie groupoid and therefore
we will obtain that the orbits of the Co-adjoint action of a Lie groupoid together
with a Poisson-Nijenhuis structure are associated with Poisson-Nijenhuis structure
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on a manifold. Finally, we express an example of Lie groupoids in the name of
trivial Lie groupoids [4] and also obtain the Co-adjoint orbit action of trivial Lie
groupoids. Since that based on [2, 4] a trivial groupoid is a Lie groupoid.Then, we
could define a Poisson-Nijenhuis structure for a trivial Lie groupoid. Thereby, we
will show that a trivial Lie groupoid is a Poisson-Nijenhuis Lie groupoid in the last
section.

2. MAIN RESULTS

Definition 2.1. A groupoid which is denoted by G = M, consists of two sets
G and M together with structural mappings s,t,1,¢ and m, where source map-
ping s : G — M, target mapping t : G — M, unit mapping 1 : M — G,
inverse mapping ¢ : G — G and multiplication mapping m : Go — G which
G2 ={(9,h) € Gx G | s(g) =t(h)} is a subset of G x G.

A Lie groupoid is a groupoid G = M for which G and M are smooth manifolds,
s,t, 1,0 and m, are differentiable mappings and besides, s,t are differentiable sub-
Mersions .

Definition 2.2. A Lie algebroid over a manifold M consists of a vector bundle A
together with a bundle map pa : A — TM and a Lie bracket [ , ], on the space
of sections T'(A), satisfying the Leibniz identity

[aufﬁ]A = f [0476],4 +LPA(Q)(f)/87
for a,8 €T'(A) and all f € C°(M).

Definition 2.3. A vector field X on G is called vertical if it is vertical with respect
to s, that is, Xy € TyG ), for all g € G. We call X right - invariant on G if it is
vertical and Xy, = dRy(Xy,), for all (h,g) € Ga).

It is easy to show that T'(AG) - the space of sections of vector bundle AG can be
identified as the space of the right - invariant field on G. So if we denote the space
of right- invariant vector field on G by

o (@) = {X ET(T°G) : Xy = dRy(Xs), (hog) € G@)}.

From above we have the space of sections T'(AG) is isomorphic to the space of
right - invariant vector fields on G, x5, (G). On the other hand, the space x5, (G)
is a Lie sub-algebra of the Lie algebra x(G) of a wvector field on G concerning
the usual Lie bracket of vector fields. Also, the pull-back of the wvector field on
the s—fibers along R, preserves brackets. So we obtain a new bracket on I'(AG)
which is uniquely determined. The Lie bracket on AG is the Lie bracket on T'(AG)
obtained from the Lie bracket on xi,(G). The anchor of AG is the differential of
the target mapping B, i.e. p = Ttlag : AG — TM. As a result, we obtain that
AG is a Lie algebroid associated with the Lie groupoid G. Let X be a section of
T:AG =T°G|y — M, ice. X € T(AG). We consider the right invariant vector

field X : G — TG, X (g) = dRy(Xy(y)), where dR, : Ty, G — T3G.
Definition 2.4. Let G = M be a Lie groupoid. We define the orbit of the Co-
adjoint action of a Lie groupoid G as follows:

0(§) = {Ady¢lg € G}

where £ is an element of (A*Ig),. We call O(§) Co-adjoint orbit of the Lie groupoid
G.
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Definition 2.5. Let G = M be a Lie groupoid with a Poisson structure m on
the Lie groupoid G. Then (G, ) is a Poisson groupoid i.e. the Poisson anchor
7t T*G — TG is a morphism of groupoids.

Definition 2.6. The Poisson structure of the Co-adjoint orbits of a Lie groupoid is
as follows m¢ : TGe — T'Ge that me(ady§) = adj‘r(x)f. where £ € A*Ig is normal.

Definition 2.7. Let m¢ be a Poisson structure corresponding to Co-adjoint Lie
groupoid Ge. Then, we have

7T§ :T*°Ge — TGe Wg(’}/) = ady ()&
Theorem 2.8. Let (G = M,n) be a Poisson groupoid. Then (Ge = M, 7¢) is a
Poisson groupoid.

Definition 2.9. Let Ny be a (1,1)- Nijenhuis tensor on manifold M. Then, we
can also define a (1,1)- multiplicative Nijenhuis tensor on Ge in the form of Ng¢ :
TGe — TGg for which adx & — adyy )€

Theorem 2.10. Let (G = M, N) be a Nijenhuis groupoid. Then (Qg =M, Ng) is
a Nigenhuis groupoid.

Definition 2.11. We can also define the dual of N¢ in the form of N¢ : T*Ge —
T*Ge in which v — NZ(7) := (Ne(adx €)™ = (ady x)§)"

Theorem 2.12. Let (7w, N) be a Poisson-Nijenhuis structure on Lie groupoid. Then
(me, N,) is a Poisson-Nijenhuis structure on Co-adjoint Lie groupoid.

Theorem 2.13. Let (G = M, n,N) be a Poisson - Nijenhuis Lie groupoid. Then
(Ge,me, Ne) is a Poisson - Nijenhuis Lie groupoid.

Proof. it is proved according to theorems (2.8,2.10,2.12). O
Example 2.14. Let T := M x G x M be a trivial Lie groupoid for which M
a Poisson-Nijenhuis manifold and G is a Poisson-Nijenhuis Lie group and g is
a Lie algebra of G and g* is a dual of Lie algebra g. As shown in article [3],
T =M x G x M is a Poisson-Nijenhuis groupoid whose Poisson structure is my =
T B e @ mar and Nijenhuis structure is Ny = Ny @& Ng @ Ny, which wyy is the
Poisson structure of M and mg is also the Poisson structure of G.

In addition, as stated in article [2], the Co-adjoint orbit of a trivial Lie groupoid is

Ge = 0(§) = {Adpé|h € T} = {(q, Ady&, q)|b € G, q € M},

for &€ =1(q,§,q) € (A*Iv)q, & € g* that is normal. As well as,

me : T(M x Ger) — T(M x Ger), ad’s§ — me(adp€) = ady, (x,v.y)§
and

772(7’) = ad’;gr(a,)f.

On the other hand,

Ne :T(M x Ger) — T(M x gg/),ad}f — Ng(ad}g) = ad}‘\,ﬂx,‘,’},ﬁ7
NETH (M x Ger) — T (M % Ger), v+ N (') i= (Ne(ad5€))" = (ady, (x vy €)™
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THE LIBERATION PROCESS FROM QUANTUM
PERMUTATION GROUPS TO QUANTUM (ALGEBRAIC)
MANIFOLDS

FARROKH RAZAVINIA AND GHORBANALI HAGHIGHATDOOST BONAB

ABSTRACT. The hyperoctahedral group Hy, is known to have two natural lib-
erations H;% and Op. In this paper, we will study this phenomenon by using
the framework introduced by Wang and Banica and we will present an almost
independent proof of the fact that the quantum isometry group of K (the
n-dimensional quantum hypercube) is Hf (the non-commutative hyperocta-
hedral group), and at the end, as a toy example, we will study the quantum
isometry group of the d-dimensional lemon in R¢ (as a classical compact space),
and its maximal quantum version, and we show that the classical version has
indeed some genuine quantum symmetry and as a result we conclude that the
quantum isometry group QISOT(X) of any classical compact space X has to
be classical.

Key words and phrases: liberation process; quantum permutation group;
quantum isometry group.

1. INTRODUCTION

The structure of the usual sphere S"~! is intimately related to that of the or-
thogonal group O,,, and when twisting the sphere the orthogonal group gets twisted
as well, and becomes a quantum group. Quantum groups have been an object of
study for many years now and especially the C*-algebraic compact quantum groups
(CQQG) introduced by Woronowicz possess a very powerful representation theory.
Actions of quantum groups on C*-algebras dualize the idea of group actions and
describe the symmetries of an object in the non-commutative case; one gets some
kind of “quantum symmetry”. Wang showed in [I 1] that even classical objects can
have quantum symmetry unseen by restricting to classical groups. For example the
set of n points gives rise to a commutative C*-algebra but has genuine quantum
symmetry. Its quantum symmetry group is the famous (compact) quantum group
S;f which is not a group for n > 4 and is infinite dimensional in the later cases. But
allowing arbitrary quantum group actions on compact spaces often ignores too much
information of the compact space; since we are working with C*-algebras, only the
topology of the space is taken into consideration. In that sense a square and a rec-
tangle have the same quantum symmetry group. Alain Connes defined with the help
of spectral triples, quantum group actions on Riemannian Manifolds that preserve
the differential structure of the manifold. Generalizing this further, Goswami [6],
Banical[l], Bichon and Collins have defined and studied isometric quantum group
actions on classical finite and compact metric spaces discovering for example the

2010 Mathematics Subject Classification: . 46165, 461.54.
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non-commutative version of the hyperoctahedral group H,' in search for the quan-
tum isometry group of the n-dimensional hypercube in [4]. Rieffel also introduced
the notion of a non-commutative metric space and Quaegebeur and Sabbe then de-
fined isometric quantum group actions on such non-commutative metric spaces in
[8]. Tt is not yet clear if the two notions of isometric actions introduced by Goswami
and Quaegebeur-Sabbe respectively are equivalent on classical spaces. Besides what
I said above, there is the idea of non-commuting coordinates which goes back to
Heisenberg. Several theories emerged from Heisenberg’s work, most complete being
Connes’ noncommutative geometry, where the base space is a Riemannian manifold.
I this order, the algebra generated by variables u;; with relations making u = (u;;)
a unitary matrix was considered by Brown. This algebra has a comultiplication
and a counit, but no antipode (hence the corresponding non-commutative version
U¢ was a quantum semigroup), hence they didn’t fit into Woronowicz’s axioms,
but with a slight modification they could lead to free quantum groups. The quan-
tum groups O;, U,} appeared in Wang’s thesis [10]. Then Connes suggested use of
symmetric groups, and the quantum group S, was constructed in [11].

The purpose of this paper is to study a new free quantum group which has been
introduced in [4], and is the free analogue of the hyperoctahedral group H,, and
is denoted by H; C Si and satisfies in S;* € H;f C U;. Let us recall that H,
is the common symmetry group of the cube K,, C R™ (considered as the metric
space of 2" points or the cubic graph with 2" vertices, n2"~! edges) and the space
I, C R™ formed by the +1 points on each axis (also regarded as a graph formed by
n segments, 2n vertices, n edges). According to the quantum algebra theory, the

relations ab = ba between the coordinates z1,...,zx of our ambient space RY is
ab = —ba for a # b and almost the same at the matrix level, else than the fact that
we have ab = —ba for a # b on the same row or column of u € My (R) (let’s call

these new CCR relations, just JR) and can be used in order to construct a twisted
analogue of the orthogonal group Oy, as abstract spectrum of the universal algebra
C(@N) =C* ((uij)m:l,wN ‘ u=1u, uwl = u_l,f)‘{).

Generally speaking, the structure of Oy is quite similar to that of Oy , with
the correspondence Oy = Op being best understood via Schur-Weyl twisting,
or via a cocycle deformation method. One interesting feature of O, however,
which escapes the philosophy of the above correspondence, is that this appears as
quantum symmetry group of the standard hypercube in RY. This phenomenon
was discovered about 10 years ago, in [4], and has been since the subject of various
investigations. The following key construction is due to Wang [10].

Proposition 1.1. We have a compact quantum group O | defined as
C(Of) = C* ((wij)ij=1, .~ | u =7, u’ =u™"). This quantum group contains Oy,
and the inclusion On C O} is not an isomorphism.

Both classically and in the quantum framework the simplest symmetry groups are
(quantum) permutation groups, which can be viewed as the universal (quantum)
groups acting on a given finite set as has been proved by Wang [11] as a result
stating that the category €(C™) of quantum groups acting on the n-point set admits
a universal object which is denoted by S,;". But this statement is not true when
dealing with the space of n x n matrices M, (R) and the category €(M,(R)) does
not admit a universal object if » > 1 [11]. The problem is related to the fact that
there is a universal object in the category of compact quantum semigroups acting
on M, (R), but it is not a compact quantum group.
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In infinite dimensional cases, as the last two statements above showed, in general
to establish the existence of a quantum symmetry group of some C*-algebra B we
need to put some more structure on B. This has led to the development of the theory
of quantum isometry groups of non-commutative manifolds initiated by Goswami
and further developed by Banica, Bhowmick, and others.

Let T be a finitely generated discrete group with (minimal, symmetric) generating
set S ={v1,...,7} and I : T' = Ny be the word-length function.

Theorem 1.2 (J. Bhowmick). The category of all compact quantum groups acting
on C*(T') and ‘preserving the length’ has a universal object; we call it the quantum
isometry group of I' and denote by QISO* (). The claim is that QISOH(T) is a
compact matriz quantum group with a fundamental representation [q; st scs, where
the elements {q; s : t,s € S} must satisfy the commutation relations implying that
the prescription a(\y) = > Qv iy @ Ay, for v € T defines (inductively)
v eS:I(v)=I(v")
a unital x-homomorphism from C*(I') to C(QISO™ (') ® C*(I)).

In almost recent years T.Banica, B.Collins, S.Curran, R.Speicher (and others)
have initiated the study of a so-called liberation procedure. The idea can be (very
informally) described as follows:

(1) consider your favourite compact group of matrices G,

(2) find a presentation of C(G) in terms of finitely many generators, preferably
coefficients of a unitary representation,

(3) ‘liberate’ the generators, that is drop the assumption that they must com-
mute,

(4) show that the resulting family of algebraic relations determines an algebra
C(G) for a certain compact quantum group G. We usually write G = G,

and we have the following result concerning the liberations of H,,.

Proposition 1.3 (Banica). The hyperoctahedral group Hy has at least two natural
liberations, namely Hy C H;} and Hy C Oy, and neither of them is universal.

2. IS THERE A CONNECTION?

We have seen that the quantum permutation group S;' can be viewed on one
hand as the quantum symmetry group of the n-point set, and on the other as the
liberation of the classical permutation group S,. Now the question is that, are
there any more examples of that type?

Theorem 2.1 (Banica, Bhowmick). For F,, the free group on n generators with

the usual generating set, QISO+(IFAn) can be described explicitly and turns out to
be the liberation of the classical group T x H,,.

Remark 2.2. The above Theorem might look somehow mysterious, but we also
have T™ x H, = ISO(T™) = ISO(Z").

Which means that in fact here the object whose symmetry group we compute is
being liberated! In a procceture, by using a mixture of the free probabilistic quan-
tum group techniques we can compute the representation theory of QISO™(F,,),
using the combinatorial language of (non-crossing) partitions, which in turn allows
us to prove results of the following types.
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Theorem 2.3 (Banica, Skalski). The quantum group QISO"‘(E‘/*;) is isomorphic
to the quantum group H;‘ .

Proposition 2.4 (Razavinia, Haghighatdoost). The quantum isometry group QISO™ (Y)
of any classical quantum space Y is classical.

3. SOME OPEN DIRECTIONS

(1) Geometric aspects. The groups Sy, O,, and their quantum (free) versions
S;F,O;F were involved in many other “classical vs. free” considerations.
Let us mention here the Poisson boundary results in [9], and the quantum
isometry groups in [7]. And it’s good to mention that the easy quantum
groups can lead to some new results here.

(2) Eigenvalue computations. The key results of Diaconis and Shahshahani
in [5], concerning S,,,O,, has been obtained as well by using Weingarten
functions and cumulants, and an extension to all easy quantum groups
has been constructed and the original philosophy suggested in [3], namely
the fact that “any result which holds for S, O,, should have an extension
to easy quantum groups”, has been illustrated. Now the question is that
“What are the eigenvalues of a random quantum group matrix?”.
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CONTACT PSEUDO-METRIC STRUCTURES ON TANGENT
SPHERE BUNDLES

NARGES GHAFFARZADEH AND MORTEZA FAGHFOURI

ABSTRACT. In this paper, we introduce a contact pseudo-metric structure on
a tangent sphere bundle T M. we prove that the tangent sphere bundle T M
is (K, p)-contact pseudo-metric manifold if and only if the manifold M is of
constant sectional curvature. Also, we prove that this structure on the tangent
sphere bundle is K-contact iff the base manifold has constant curvature .

Key words and phrases: contact pseudo-metric structure, tangent sphere
bundle, unit tangent sphere bundle, Sasaki pseudo-metric.

1. INTRODUCTION

In 1956, S. Sasaki [7] introduced a Riemannian metric on tangent bundle T M and
tangent sphere bundle T3 M over a Riemannian manifold M. Thereafter, that metric
was called the Sasaki metric. In 1962, Dombrowski [3] also showed at each Z €
TM, TMyz; = HTMz®VTM_z, where HI' Mz and VT My orthogonal subspaces of
dimension n, called horizontal and vertical distributions, respectively. He defined
an almost Kéahlerian structure on 7'M and proved that it is Kdhlerian manifold if
M is flat. In the same year, Tachibana and Okumura [8] showed that the tangent
bundle space TM of any non-flat Riemannian space M always admits an almost
Kéhlerian structure, which is not Kéhlerian. Tashiro [10] introduced a contact
metric structure on the unit tangent sphere bundle T3 M and prove that contact
metric structure on Ty M is K-contact iff M has constant curvature 1, in which case
the structure is Sasakian.

Kowalski [5] computed the curvature tensor of Sasaki metric. Thus, on 7Y M, R(X,Y)¢
can be computed by the formulas for the curvature of T'M.

In [1], Blair et al. introduced (k, u)-contact Riemannian manifolds and proved
that, the tangent sphere bundle T7M is a (k, u)-contact Riemannian manifold iff
the base manifold M is of constant sectional curvature c.

Takahashi [9] introduced contact pseudo-metric structures (7, g), where is a con-
tact one-form and ¢ a pseudo-Riemannian metric associated to it, are a natural
generalization of contact metric structures. Recently, contact pseudo-metric mani-
folds have been studied by Calvaruso and Perrone [2, 6] and authors of this paper
[1] introduce and study (k, u)-contact pseudo-metric manifolds.

In this paper, we suppose that (M, g) is pseudo-metric manifold and define
pseudo-metric on TM. Also, we introduce contact pseudo-metric structures (p, &, 1, G)
on T_. M and prove that

R(X,Y)§ = c(2e = c){n(Y)X = n(X)Y} = 2¢{n(Y) hX —n(X) hY'}

2010 Mathematics Subject Classification. 53C15, 53C50, 53C07.
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if and only if the base manifold M is of constant sectional curvature. That is, the
tangent sphere bundle T. M is a (k, u)-contact pseudo-metric manifold iff the base
manifold M is of constant sectional curvature c. Also, the contact pseudo-metric
structure (p,&,n,G) on T.M is K-contact if and only if the base manifold (M, g)
has constant curvature €.

2. PRELIMINARIES

Let (M, g) be a pseudo-metric manifold and V the associated Levi-Civita con-
nection and R = [V,V] — V[, the curvature tensor. The tangent bundle of
M, denoted by T'M, consists of pairs (z,u), where x € M and u € T,M,( i.e.
TM = UgepyTM). The mapping 7 : TM — M, w(x,u) = x is the natural pro-
jection and for all (x,u) € TM, the connection map K : TTM — TM is given by
K(X.u) =V, X, where X : M — TM is a vector field on M [3].

The tangent space T{, )T M splits into the vertical subspace VI'M(, ., and the
horizontal subspace HT M, ) are given by VI'M g .,y := ker 7. | (5,) and HT M, ) :
ker K'(m,u) :

Tizu)TM = VT M) & HT Mg ).

For every X € T, M, there is a unique vector X" € HTM(, ), such that 7, (Xh) =
X. Tt is called the horizontal lift of X to (x,u). Also, there is a unique vector
XY € VI'M 44, such that XV(df) = X f for all f € C>(M). X" is called the
vertical lift of X to (z,u). The maps X — X" between T,,M and HTM ), and
X — X" between T, M and VI'M(, ) are isomorphisms. Hence, every tangent
vector Z € T(z,w)T'M can be decomposed Z = X" + Y7 for uniquely determined
vectors X, Y € T, M. The horizontal ( respectively, vertical) lift of a vector field X
on M to TM is the vector field X" (respectively, X” ) on M, whose value at the
point (x,u) is the horizontal (respectively, vertical) lift of X, to (x,u).

A system of local coordinate (x!,...,2™) on an open subset U of M induces on
77 YU) of TM a system of local coordinate (z!,...,2%u!,..., u") as follows:

#(z,u) = (2t o) (z,u) = 2'(x), u'(z,u)=dz'(u) = ux

fori=1,...,n and (z,u) € 7~ }(U). With respect to the induced local coordinate

system, the horizontal and vertical lifts of a vector field X = X* 82:@' on U are given

by

, d : o) ; 9

(21) Xh:(XZOW)%—UI)((X“FZZ))OT()W, XQ):(X,LO'TT)%,

where F;-k are the local components of V, i.e., Viﬁ%k = F;k 82,.,. From (2.1), one
can easily calculate the brackets of vertical and horizontal lifts:

(2:2) (X" Y = [X,Y]" = o{R(X,Y)u},

(2.3) (X" YY) = (VxY)", [X",Y']=0,

for all X, Y € T'(TM). We use some notation, due to M. Sekizawa. Let T be a
tensor field of type (1,s) on M and Xi,...,X._1 € T'(TM), the vertical vector
field v{T(X1,...,u,...,Xs_1)} on 7~ 1(U) is given by

v{T(X1,. .., uy..., Xe—1)} = u(T(Xq,...

o Xsl1))
’ax“’ 9 L 1))
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If f is a smooth function on M and X is a vector field on M, then
(2.4) XM(form)=(Xflom, X°(fom)=0.

In particular, we write X = X a?ci on U, and then we have

(2.5) XME) =X'om, Xz =0.
Further, from (2.1), we have
(2.6) X'y = —uP(XT%) o, XY(u') = X'or.

Let (M, g) be a pseudo-metric manifold. On the tangent bundle T M, we can define
a pseudo-metric g to be

(2.7) GXMYM) =g(X", YY) =g(X,Y)om, GX"Y")=0

for all X, Y € I'(TM). We call it Sasaki pseudo-metric. According (2.7), If
{Ey,...,E,} is an orthonormal frame field on U then {E?,..., EY, E} ... E"}
is an orthonormal frame field on 7=1(U). So, we have the following:

Proposition 2.1. If the index of g is v then the index of the Sasaki pseudo-metric
g s 2v.

3. THE CURVATURE OF THE UNIT TANGENT SPHERE BUNDLE WITH
PSEUDO-METRIC

Let (T'M,g) be the tangent bundle of (M, g) endowed with its Sasaki pseudo-
metric. We consider the hypersurface T.M = {(z,u) € TM|g,(u,u) = €}, which
we call the unit tangent sphere bundle. A unit normal vector field N on T.M is
the (vertical) vector field N = v’ 8‘31- = u'( 821- )V. N is independent of the choice
of local coordinates and it is defined globally on TM. We introduce some more
notation. If X € T, M, we define the tangential lift of X to (z,u) € T.M by

(3.1) Xy = Xloy — €9(X, )Nz, u)-

Clearly, the tangent space to T.M at (z,u) is spanned by vectors of the form
X" and X*, where X € T,M. Note that u%r,u) = 0. The tangential lift of a
vector field X on M to T.M is the vertical vector field X! on T, M, whose value
at the point (z,u) € T.M is the tangential lift of X, to (z,u). For a tensor field
T of type (1,s) on M and Xy,...,Xs_1 € I'(TM), we define the vertical vector
fields t{T(X1,...,u,..., Xs—1)} and t{T(X1,...,u,...,u,..., Xs 2)} on T.M in
the obvious way.

In what follows, we will give explicit expressions for the brackets of vector fields
on T.M involving tangential lifts, the Levi-Civita connection and the associated
curvature tensor of the induced metric g on T M.

First, for the brackets of vector fields on T. M involving tangential lifts, we obtain

(32  [XMY']=(VxY), (XY = eg(X. )Y’ - eg(Y,u)X".
Next, we denote by g the pseudo-metric induced on T. M from g on T'M as follows:
g Y") = g(XY), g(X"Y') =0

(3.3) - .
gXLY") = g(X,Y) — eg(X, u)g(Y, u),
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4. THE CONTACT PSEUDO-METRIC STRUCTURE OF THE UNIT TANGENT SPHERE
BUNDLE

First, we give some basic facts on contact pseudo-metric structures. A pseudo-
Riemannian manifold (M2 1, g) has a contact pseudo-metric structure if it admits
a vector field £, a one-form 7 and a (1, 1)-tensor field ¢ satisfying

nE) =1, ¢*(X)=-X+n(X),
9(PX,9Y) = g(X,Y) —en(X)n(Y), dn(X,Y)=g(X,pY),

where ¢ = +1 and X,Y € I'(T'M). In this case, (M, ,&,n,g) is called a contact
pseudo-metric manifold. In particular, the above conditions imply that the char-
acteristic curves, i.e., the integral curves of the characteristic vector field &, are
geodesics.

If € is in addition a Killing vector field with respect to g, then the manifold is said
to be a K-contact (pseudo-metric) manifold. Another characterizing property of
such contact pseudo-metric manifolds is the following:

geodesics which are orthogonal to £ at one point, always remain orthogonal to &.
This yields a second special class of geodesics, the p-geodesics.

Next, if (M2 o, & n, g) is a contact pseudo-metric manifold satisfying the addi-
tional condition N, (X, Y)+2dn(X,Y )¢ = 0is said to be Sasakian, where N, (X,Y) =
X, Y]+ [pX, Y] — o[pX,Y] — o[ X, ¢Y] is the Nijenhuis torsion tensor of p. A
contact pseudo-metric structure is a Sasakian structure iff R satisfies

(4.2) R(X,Y)E =n(Y)X —n(X)Y,

(4.1)

In particular, one can show that the characteristic vector field £ is a Killing vec-
tor field. Hence, a Sasakian manifold is also a K-contact manifold. In a con-
tact pseudo-metric manifold M?"+1(p, & 0, g), defined the (1,1)-tensor field h by
hX = %(Lg(p)(X ), where L denotes the Lie derivative. The tensors his self-adjoint
operator satisfying([2, 6])

(4.3) hp=—ph héi=0, Vx&=-—-cpX—¢hX.
(see [2, 6] for more details). If a contact pseudo-metric manifold satisfying
R(X,Y)¢ = ern(n(Y)X —n(X)Y) +eu(n(Y)hX —n(X)hY),

we call (k, u1)-contact pseudo-metric manifold, where (k, 1) € R2. the (k, u)-contact
pseudo-metric manifold is Sasakian iff £ = ¢ and hence h= 0, by (4.2). (see [4] for
more details).

Take now an arbitrary pseudo-metric manifold (M, g). One can easily define an
almost complex structure J on T'M in the following way:

(4.4) JXh=xv  JXv=-Xx"

for all vector fields X on M. From (2.2), and (2.3), we have the almost complex
structure J is integrable if and only if (M, ¢) is flat. From the definition (2.7) of the
pseudo-metric § on T'M, it follows immediately that (T'M, g, J) is almost Hermitian.
Moreover, J defines an almost Kéahlerian structure. It is a K&hler manifold only
when (M, g) is flat[3].

Next, we consider the unit tangent sphere bundle (7. M, g), which is isometrically
embedded as a hypersurface in (T'M, §) with unit normal field N. Using the almost
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complex structure J on TM, we define a unit vector field ', a one-form 7’ and a
(1,1)-tensor field ¢’ on T. M by

(4.5) ¢ =—JN, JX=¢X+75(X)N.

In local coordinates, £, " and ¢’ are described by

.0
¢=u(z )" (X)) =0, (X")=eg(X,u),
¢(X") = X" +eg(X,u)g, ' (X") =X,
where X, Y € I'(T'M). It is easily checked that these tensors satisfy the conditions
(4.1) excepts or the last one, where we find £gG(X,¢'Y) = 2dn/(X,Y). So strictly
speaking, (¢’,&',n’,g) is not a contact pseudo-metric structure. Of course, the
difficulty is easily rectified and

(4.6)

1/ ! / 1,
=5, §=28, p=c¢ey, 1

is taken as the standard contact pseudo-metric structure on 7. M.

Theorem 4.1. The tangent sphere bundle T.M is (k, p)-contact pseudo-metric
manifold if and only if the base manifold M is of constant sectional curvature ¢ and
Kk =ec(2e —¢), p = —2¢c.

Theorem 4.2. The contact pseudo-metric structure (p,&,n,G) on T-M is K-
contact if and only if the base manifold (M, g) has constant curvature €, in which
case the structure on T, M is Sasakian.
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